
DOI 10.2478/ama-2024-0027                                                                                                                                                          acta mechanica et automatica, vol.18 no.2 (2024) 

233 

HOMOTOPY PERTURBATION METHOD WITH TREFFTZ FUNCTIONS AND SIMCENTER  
STAR-CCM+ USED FOR THE ANALYSIS OF FLOW BOILING HEAT TRANSFER 

Anna PAWIŃSKA* , Artur PIASECKI** , Norbert DADAS*** ,  
Sylwia HOŻEJOWSKA**** , Magdalena PIASECKA*****   

*,****Faculty of Management and Computer Modelling, Kielce University of Technology,  

Al.Tysiąclecia Państwa Polskiego 7, 25-314 Kielce, Poland 
**Faculty of Environmental Engineering, Geomatics and Renewable Energy, Kielce University of Technology,  

Al.Tysiąclecia Państwa Polskiego 7, 25-314 Kielce, Poland 
***,***** Faculty of Mechatronics and Mechanical Engineering, Kielce University of Technology,  

Al. Tysiąclecia Państwa Polskiego 7, 25-314 Kielce, Poland 

a.pawinska@tu.kielce.pl, apiasecki@tu.kielce.pl, ndadas@tu.kielce.pl,  

ztpsf@tu.kielce.pl, tmpmj@tu.kielce.pl 

received 28 February 2023, revised 19 September 2023, accepted 20 September 2023 

Abstract: This work presents experimental and numerical studies of heat transfer during cooling fluid flow in a group of five minichannels  
1 mm deep. The main purpose was to determine the heat transfer coefficient on the contact surface between the fluid and the heated wall 
of the selected minichannel at subcooled boiling. The temperature distribution on the outer surface of the heated plate was measured  
by means of an infrared camera. Thermal and flow parameters were monitored by an appropriate data-acquisition system. The test section 
was placed horizontally with fluid flowing above the heated wall. The HFE-649, HFE-7100 and HFE-7200 working fluids were examined  
in the experiments. Simcenter STAR-CCM+ software was used for numerical analysis of heat transfer in the test section. Furthermore,  
a simplified two-dimensional (2D) model was proposed that designates subcooled boiling heat transfer during fluid flow in a central  
minichannel. The heat-transfer process in the heated plate and the working fluid was described using indicated partial differential equations 
with appropriate boundary conditions. The solution to the proposed system of equations led to the solving of two more inverse Cauchy-type 
problems. The classical Trefftz method (TM) and the homotopy perturbation method (HPM) combined with the TM allowed for obtaining 
temperature distributions in the heater and the fluid and consequently, the heat transfer coefficient at the heater–fluid interface  
from the Robin boundary condition. Comparison of the results from numerical simulation due to Simcenter STAR-CCM+ showed similar 
temperature distributions at the heated surface. The calculated heat transfer coefficients, by HPM and Simcenter STAR-CCM+,  
were validated using the 1D approach. Furthermore, the results from simulations in Simcenter STAR-CCM+ in the form of local  
temperatures of the heater were confronted with experimental data for comparison. Similar results were achieved. 
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1. INTRODUCTION  

Various technical difficulties also arise as technology contin-
ues to develop and new technologies are constantly being intro-
duced. One of the major challenges facing scientific and industrial 
institutions worldwide is cooling smaller and smaller electronic 
components while improving their capabilities and functionality. 
Designing small-sized, energy-efficient, effective and environmen-
tally friendly refrigerant-based heat exchangers with a set of 
channels has become a priority in the industrial domain. Although 
high heat fluxes in miniaturised devices are commonly managed 
by intensifying heat transfer in the minichannels, the process is 
not fully understood. It requires innovative experimental studies, 
new mathematical models and computational methods that also 
include computational fluid dynamics (CFD) simulations. 

It should be underlined that although important accomplish-
ments have been made in the investigation of micro-scale flow 
boiling over the last two decades, most aspects related to heat 
transfer still remain unclear. Tibirica and Ribatski [1] provided a 
wide review of the literature on micro-scale and mini-scale flow 

boiling. The authors focussed on the transition from macro-scale 
to micro-scale, the heat transfer coefficient, critical heat flux, the 
pressure drop, flow patterns and the void fraction. The general 
characteristics of the experiments carried out by the researchers 
were provided. The presented results covered the data of investi-
gations, with the test section having small-dimensional channels, 
which were tested for single channels and for a larger number of 
channels, including sets of channels. One of the conclusions was 
that the heat transfer coefficient achieved in the minichannel 
system is still not clear in the literature, and additional innovative 
studies are, therefore, necessary to investigate local phenomena. 
Such results would be useful for the development of mechanistic 
and predictive methods concerning micro and minichannel heat 
exchangers.  

In Ref. [2], the flow boiling pressure drop and the flow patterns 
of R-600a in a multi-port horizontal extruded tube, with five rec-
tangular channels and two rectangular/circular profiles, were 
studied. The average hydraulic diameter of the channels was 1.47 
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mm. The influence of mass flux and vapour quality on pressure 
drop was investigated, and the recorded two-phase flow patterns 
were analysed. The main results indicate the dependence of 
pressure drop on both mass and heat fluxes. The authors ob-
served that the friction pressure gradient increased with increas-
ing mass flux and vapour quality. The influence of heat flux on the 
frictional pressure drop was also noted. 

Investigations on the boiling characteristics in the minichannel 
heat sink are described in Ref. [3]. The counter-flow inter-
connected minichannels were developed in the test section. Two 
minichannel heat sink configurations were used. The co-current 
minichannel structure size, with channel width of 1 mm, height of 
4 mm, length of 30 mm and wall thickness of 1 mm was produced 
in the first version of the test section. The other construction dif-
fers from the first one, taking into account the width of the con-
nected trench, which was 0.5 mm and the spacing equal to 4.5 
mm. The results were related to heat transfer coefficients, pres-
sure drop, two-phase flow patterns and temperature uniformity 
under various experimental conditions. The authors noted that 
with an increase in mass flux, the flow boiling performance is 
better than that of a low mass flux. Their explanation was that the 
connected groove could be effectively activated and mixing could 
be triggered. Among other findings, it was stated that increasing 
the supercooling can delay the boiling instability and increase the 
sensible heat of the fluid, which improves heat transfer perfor-
mance. The authors also observed that the connected grooves in 
the test section cause the mixing of fluids between adjacent chan-
nels with reverse flow. 

Flow boiling in three parallel minichannels with a common inlet 
and outlet area was studied in Ref. [4]. The internal dimensions of 
the minichannels were 0.25 mm wide, 0.50 mm deep and 32 mm 
long, whereas the wall between the channels was 0.25 mm wide. 
The minichannels were covered with a transparent cover, which 
allowed observation of flow structures. The authors focussed on 
examining the synchronisation between flow distributions in mini-
channels. This problem was analysed in the local area due to the 
analysis of the two-phase flow images and was also based on the 
process of synchronisation between inlet and outlet pressure 
fluctuations. The processes were investigated with the use of 
cross-recurrence plots. To recognise the similarity of flow patterns 
within the minichannels, the analysis of pixel brightness changes 
inside the minichannels was performed. The results revealed that 
the processes of synchronisation have a negative impact on water 
input and outlet temperature and inlet and outlet pressure oscilla-
tions. It was noticed that during synchronisation, a high amplitude 
of oscillations of temperature and pressure occurred. The authors 
stated that it was caused by reverse flow.  

Numerical analyses of specific design solutions for minichan-
nel devices have been the subject of an increasing number of 
research works. In Ref. [5] was showed the results of the CFD 
simulation using the COMSOL software. This software was used 
to simulate the convective heat exchange problem during forced 
water flow through the zone with the minichannel section. From 
the simulations, the local temperature of the fluid and that of the 
wall of the minichannel were calculated. Minichannels with a fixed 
length of 37.8 mm and a width of 1.615 mm had a height of 3.41 
mm, 6.82 mm, 10.21 mm or 12.7 mm. As a result, local values of 
the Nusselt number were determined. The simulation was carried 
out for five different values of the Reynolds number. The fluid flow 
field and temperature distribution were also visualised. The fric-
tional effects and the associated flow resistances were also ana-
lysed for various dimensions of the minichannel system. 

In Ref. [6], the authors performed CFD modelling and a nu-
merical analysis of fluid flow and heat transfer in a minichannel 
heat exchanger using Simcenter STAR-CCM+ software. The 
results of the numerical simulations were confronted with the data 
from the experiments. The main parameters that were measured 
during the experiments included the temperature distribution of 
the heater achieved by infrared thermography. The analyses 
covered the working fluid comprising two fluids (FC-72 and HFE-
7100), the heater material (Haynes-230 alloy, aluminium and 
copper), the spatial orientation of the test section (vertical with 
fluid upflow and horizontal with fluid flow above the heater) and 
the number of minichannels (7, 9, 11 and 15). The calculations 
helped to indicate which parameters tested in terms of heat trans-
fer turned out to be the most effective. Furthermore, a mesh de-
pendency analysis was performed based on the grid convergence 
index to ensure the convergence stability of the numerical simula-
tions. 

Experimental data describing heat transfer during flow boiling  
in minichannels are needed to validate the results from numerical 
simulations. For more than two decades, the authors of this work 
performed calculations using various methods such as the simple  
1D method [7], the 2D method described in this work and using 
the commercial software STAR-CCM+ [6] and ADINA [8]. 

This paper proposes two approaches to analyse the heat 
transfer in a test section with five rectangular minichannels and 
determine heat transfer coefficients at the heated plate–cooling 
fluid interface. The first approach used computational methods 
with Trefftz functions. A mathematical model was proposed in 
which the temperatures of the heated plate and all refrigerants 
were assumed to satisfy the Poisson and Fourier–Kirchhoff equa-
tions, respectively. The boundary conditions for both equations 
considered the results of experimental measurements. Determin-
ing the continuous temperature distributions of the heating plate 
and refrigerant leads to solving two inverse Cauchy-type problems 
in two contacting areas with different geometrical and physical 
parameters. Inverse problems belong to ill-posed problems [9], in 
which measurement uncertainties make the solution unstable. 
Inverse and ill-posed problems have been the subject of many 
works [10–13], and an overview of methods for solving Cauchy 
problems is given in Ref. [14]. For example, in Refs. [15–22], the 
Trefftz method (TM) or its modifications were used to solve direct 
and inverse problems that occur in engineering problems. In the 
TM (first described by Trefftz in 1926) [23], the unknown solution 
of a linear partial differential equation is approximated by a linear 
combination of functions (Trefftz functions or T-functions) that 
exactly satisfy the given differential equation. The coefficients of 
the linear combination are determined by minimising the error 
function that describes the mean square error between the ap-
proximate solution and the adopted boundary conditions. Trefftz 
functions combined with other methods, for example, Picard's 
method [22], radial functions [24] or homotopy perturbation meth-
od (HPM) [16, 20 and 21], are also used to solve non-linear differ-
ential equations.  

This work uses two methods based on Trefftz functions for 
numerical calculations: the classical TM and a hybrid method that 
combines the HPM with Trefftz functions. Both methods use 
harmonic polynomials and are not limited by the number and type 
of boundary conditions. This greatly simplifies the calculations and 
makes these methods suitable methods for solving direct and 
inverse problems found in engineering. In the proposed approach, 
the solution to the differential equation (describing the heater 
temperature) was approximated by a finite sum of functions that 
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are linear combinations of the Trefftz functions. In the HPM, the 
unknown fluid temperature, the satisfying energy equation, is 
expressed as an infinite series of functions converging to the 
exact solution. The heat transfer coefficient at the heating plate–
refrigerant interface was determined from the Robin boundary 
condition. The second approach used the CFD program, 
Simcenter STAR-CCM+. Numerical methods in CFD are designed 
to solve systems of nonlinear differential equations. The literature 
provides a good overview of mathematical models and numerical 
calculations for heat exchangers of various designs, as, for exam-
ple, in the works [25–31]. The numerical simulation results were 
compared with those from methods based on Trefftz functions. 
Similar temperature distributions in the heated plate and heat 
transfer coefficients were obtained. The one-dimensional ap-
proach allowed for the validation of heat transfer coefficients 
obtained based on methods with Trefftz functions and from 
Simcenter STAR-CCM+ simulations. 

2. EXPERIMENTS AND RESEARCH METHODOLOGY 

2.1. Experimental rig 

The experimental investigation was conducted in the own ex-
perimental set up. A view of the experimental rig is shown in Fig. 1 
while its schematic diagram is shown in Fig. 2. 

 
Fig. 1.  A view of the experimental rig 

In the main loop for the boiling process examination, the cool-
ing fluid, i.e. HFE-649 (Novec-649 3M™ Novec™ [32]), HFE-7100 
(3M™ Novec™ 7100 Engineered Fluid [33]) and HFE-7200 (3M™ 
Novec™ 7200 Engineered Fluid [34]), flows. Hydrofluoroethers 
(HFEs) are more environmentally friendly and, like fluorocarbon 
(FC), have zero (or close to zero) ozone-depletion potential 
(ODP). The significant difference, however, is a much lower global 
warming potential (GWP). According to the manufacturer [35], the 
FC-72 or FC-770 has more than 5,000 GWP, while the HFE fluids 
have the GWP even several times lower. For example, HFE-649, 
HFE-7000, HFE-7100 and HFE-7200 have a GWP of 1, 530, 320 
and 55, respectively. Furthermore, FC fluids have a long atmos-
pheric lifetime (ALR) and HFE-649, HFE-7000, HFE-7100 and 
HFE-7200 have ALRs of 0.014, 4.9, 4.1 and 0.77 years, respec-
tively. 

The main flow loop, besides the most important part, i.e. the 
test section, consists of the following elements: a circular pump 
(gear type, Tuthill), heat exchanger and pressure regulator. The 

most important set-up elements for the flow, pressure and tem-
perature control and measurement are: mass flow meter (Coriolis 
type, Endress+Hauser), pressure meters (Endress+Hauser) and 
K-type thermoelements (Czaki Thermo-Product). 

The data and image acquisition system includes an infrared 
camera A655SC FLIR (nominal accuracy ±2 °C or ±2% at meas-
uring temperature range), a PC and two data acquisition stations 
(I/OTech DaqLab2005 and MCC SC-1608G) and a high-speed 
video camera (SP-5000M-CXP2, JAI). A lighting system consist-
ing of LEDs (four LED panels of 50 W each) was applied to illumi-
nate the flow of the working fluid along the minichannels. The 
power supply and control system consisted of a power supply, an 
ammeter and a voltmeter.  

 
Fig. 2.   A schematic diagram of the experimental rig – 1: test section,  

2: heat exchanger, 3: compensation tank, 4: filter, 5: gear pump, 
6: Coriolis mass flow meter, 7: pressure sensor, 8: infrared cam-
era, 9: a high-speed video camera, 10: power supply system,  
11: voltmeter, 12 -ammeter, 13: data acquisition station,  
14: PC computer 

2.2. Test section 

The essential part of the experimental set up was the test sec-
tion with a group of five parallel minichannels of rectangular cross-
sections, each of pre-set depth 1 mm and width 6 mm, while their 
lengths taken into consideration are 43 mm. The schematic dia-
grams of the test section are shown in Fig. 3. The test section was 
placed horizontally with the fluid flowing above the heated wall. 
The heating element for the working fluid that flowed laminarly 
along the minichannels was a thin alloy plate stretched between 
two metal parts. This 0.1-mm-thick plate designated Haynes-230 
is made of a high-temperature Ni–Cr–W–Mo alloy. The heater 
was powered by a heat source (the inverter welder acts as a 
regulated power supply) and was resistively heated, supplying 
heat to the fluid flowing in minichannels. The temperature distribu-
tion on the outer surface of the heated plate was measured by 
means of an infrared camera. Example thermograms on an outer 
side of the heated plate captured by an infrared camera are 
shown in Fig. 3a. It should be explained that a plate surface was 
coated with black paint of known emissivity (0.97). Example distri-
butions of the temperature as a result of numerical computations 
based on experimental data are also shown in a half-image illus-
trated in Fig. 3a. Furthermore, a high-speed camera allowed 
recording flow structures through a transparent glass, which con-
stitutes the opposite wall to the heated plate. Sensors of K-type 
thermoelements and pressure meters were mounted at the inlet 
and outlet of the minichannels. 

Table 1 summarises the basic geometrical data of the test 
section. These data were used for calculations using methods 
with Trefftz functions and implemented into the Simcenter STAR-
CCM+ program. 
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Tab. 1. Basic geometrical data of the test section 

Basic geometrical data of the test section Value (unit) 

Number of minichannels in the test section 5 

Length of the minichannels* 0.043 (m) 

Thickness of the heated plate 0.0001 (m) 

Depth of the minichannels 0.001 (m) 

Width of a singular minichannel 0.006 (m) 

*The length over which the temperature measurement is measured 
due to an infrared camera 

 
Fig. 3.   Schematic diagram of the test section: (a) front view, (b) longitu-

dinal section, (c) cross section; 1: minichannel, 2: heated plate, 
3: Teflon spacer, 4: channel body, 5: front cover, 6: glass plate 

2.3. Research methodology 

A research pre-procedure is needed to ensure stabilisation  
of the set crucial experimental parameters. In this pre-procedure, 
the degassing of the fluid should be first ensured while it was 
circulating in a closed flow loop. Then, the initial temperature, 
pressure and flow parameters are set and stabilised during work-

ing fluid circulation. During the regular experimental series, there 
is a smooth increase in the current intensity supplied to the heated 
wall of the minichannels. The gradually increased heating power 
resulted in an increase in the temperature of the minichannel wall, 
and thus the cooling fluid in the minichannels is gradually heated 
along its flow. Sequentially, the values of pressure, temperature 
and mass flow of the working fluid and current supplied to the 
heated plate are collected in a 1-s interval, whereas single images 
of thermograms are captured by an infrared camera. Flow struc-
tures are simultaneously observed and recorded by a high-speed 
video camera.  

According to the physical interpretation of the heat-transfer 
mechanism that occurs during the fluid flow, the experimental set 
up can be characterised as follows: 

 After degassing and stabilising the experimental conditions, 
the subcooled liquid flows laminarly into an asymmetrically 
heated minichannel; 

 In the beginning, when the heat flux increases, the heat trans-
fer between the heating plate and the liquid proceeds via the 
single-phase forced convection; 

 Further in the experiment, the increase in the heat flux results 
in boiling incipience in the minichannel, and subcooled boiling 
starts; 

 When the heat flux continues to increase, nucleate boiling  
is in progress in the minichannel. 
It should be underlined that the range of parameters charac-

terising the selected series indicates that the data under analyses 
belong to the single-phase forced convection and the start of the 
subcooled  
boiling region. 

3. COMPUTATIONAL METHODS 

3.1. Methods based on Trefftz functions 

The 2D temperature distributions of the heated plate and cool-
ing fluids were calculated with the classical TM and a hybrid 
method combining the HPM with the TM, respectively. This ap-
proach, which is a modification of that described in Ref. [36] con-
siders two dimensions: one in the flow direction (x) and the other 
perpendicular to the flow (y) that relates to the thickness of the 

heated plate thickness δG  and the minichannel depth δM.  
The heat-transfer process in the heated plate, where 

0 < x < H, 0 < y < δG, is assumed to be characterised by the 
Poisson equation,  [36] 

𝜆𝐺 (
𝜕2𝑇𝐺

𝜕𝑥2 +
𝜕2𝑇𝐺

𝜕𝑦2   ) = −𝑞𝑉                                              (1) 

where H: length of the minichannel, TG: temperature of the heated 

plate, λG: thermal conductivity of the heated plate and qV: heat 
flux supplied to the heated plate. 

For Eq. (1), the temperature distribution at the plate’s edge 

(TIR) is known from infrared camera measurements. The remain-
ing three edges (not in contact with the fluid) are insulated. The 
fluid flow in the minichannel is assumed to be laminar, with the 

velocity vector having one non-zero component w(y) parallel to 
the flow direction. The fluid temperature for 0 < x < H, δG <
y < δG + δM satisfies the energy equation in the form: 
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𝜆𝑓 (
𝜕2𝑇𝑓

𝜕𝑥2 +
𝜕2𝑇𝑓

𝜕𝑦2   ) = 𝜌𝑓𝑐𝑝,𝑓𝑤(𝑦)
𝜕𝑇𝑓

𝜕𝑥
                               (2) 

where Tf : temperature of the fluid, λf : thermal conductivity  
of the liquid, ρf: density of the liquid and cp,f: specific heat capaci-

ty of the liquid.  
In Eq. (2), the temperatures of the fluid Tf and the heated plate at 
the fluid–plate contact surface are assumed to be equal,  

and that the fluid temperatures at the inlet Tf,in  and outlet Tf,out  

of the minichannel are known. The boundary conditions adopted  
for Eqs (1) and (2) are shown in Table 2.  

Tab. 2. Boundary conditions for the heated plate and the fluid 

Section Boundary conditions 

Wall: 
𝑦 = 0, 0 < 𝑥 < 𝐻 

𝑇𝐺 = 𝑇𝐼𝑅    
𝜕𝑇𝐺

𝜕𝑦
= 0 

Wall: 
𝑥 = 0, 𝑥 = 𝐻, 0 < 𝑦 < 𝛿𝐺 

𝜕𝑇𝐺

𝜕𝑥
= 0 

                             Contact wall:  

𝑦 = 𝛿𝐺 , 0 < 𝑥 < 𝐻 
𝑇𝑓 = 𝑇𝐺 

Inlet: 

𝑥 = 0, 𝛿𝐺 < 𝑦 < 𝛿𝐺 + 𝛿𝑀  
𝑇𝑓 = 𝑇𝑓,in 

Outlet: 
𝑥 = 𝐻, 𝛿𝐺 < 𝑦 < 𝛿𝐺 + 𝛿𝑀  

  𝑇𝑓 = 𝑇𝑓,𝑜𝑢𝑡  

Knowing the fluid and plate temperature allows for calculating  
the heat transfer coefficient from the formula: 

𝛼(𝑥) =
−𝜆𝐺

𝜕𝑇𝐺
𝜕𝑦

(𝑥,𝛿𝐺)

𝑇𝐺(𝑥,𝛿𝐺)−𝑇𝑓,𝑎𝑣𝑒(𝑥)
                                                          (3) 

where: Tf,ave is the average fluid temperature in the minichannel,  

calculated as in Ref. [36]. 
First, using the TM, the 2D temperature distribution of the 

heated plate was determined according to Ref. [36]. Then, the 
HPM with the TM was used to find the fluid temperature following  
the scheme below [20, 21]. 

In the HPM, differential Eq. (2) is written to distinguish  
two operators L (linear) and N (nonlinear), i.e. 

𝐿𝑇𝑓 = 𝑁𝑇𝑓                                                                                  (4) 

For further calculations, it is assumed that 

𝐿𝑇𝑓 = 𝜆𝑓 (
𝜕2𝑇𝑓

𝜕𝑥2 +
𝜕2𝑇𝑓

𝜕𝑦2 )                                                            (5) 

𝑁𝑇𝑓 = 𝜌𝑓𝑐𝑝,𝑓𝑤(𝑦)
𝜕𝑇𝑓

𝜕𝑥
                                                             (6) 

In the HPM, function h(x, y, p) dependent inter alia on pa-

rameter 0 ≤ p ≤ 1 satisfies the following equation:  

(1 − 𝑝)[𝐿(ℎ) − 𝐿(𝑢0)] + 𝑝[𝐿(ℎ) − 𝑁(ℎ)] = 0                 (7) 

where u0 denotes the initial approximation of the solution to Eq. 
(2). 

Note that substituting p=1 in Eq. (7), Eq. (2) is  
obtained. Expanding the function h(x, y, p) into a Taylor series 
about p, the solution to Eq. (2) can be written as follows:  

𝑇𝑓(𝑥, 𝑦) = 𝑙𝑖𝑚
𝑝→1

 ℎ(𝑥, 𝑦, 𝑝) = ∑ ℎ𝑖(𝑥, 𝑦)∞
𝑖=0                            (8) 

where ℎ𝑖(𝑥, 𝑦) =
1

𝑖!

𝜕𝑖ℎ(𝑥,𝑦,1)

𝜕𝑝𝑖  . 

 
Finally, the solution is approximated with a Taylor series trun-

cated to M+1 components, i.e. 

𝑇𝑓(𝑥, 𝑦) ≈ ∑ ℎ𝑖(𝑥, 𝑦)𝑀
𝑖=0                                                           (9) 

By substituting Eq. (9) into Eq. (7) and equating  
the coefficients with successive powers of p, we obtain a system  

of equations containing the functions hi(x, y)  as in Ref. [20].  
We determine the functions hi(x, y) using the TM. The resulting 
fluid temperature approximately satisfies both Eq. (2) and the  
boundary conditions. The convergence of the solution obtained by 
the HPM, in the case of partial differential equations, has been 
proven, for example, in Ref. [37]. In practice, satisfactory results  
have already been obtained with three or four components of 

series (9), and the assumptions on the initial approximation u0 
can be weaker – it can be any function.  

The experimental data used in calculations with the methods 
employing Trefftz functions and in Simcenter STAR-CCM+ are 
presented in Tabs. 3 and 4. In Tab. 3, the physical properties of 
the solids composed of the main elements of the test section are 
listed. Furthermore, in Tab. 4, the main physical properties of the 
working fluids and experimental parameters are shown. 

Tab. 3.  Physical properties of the solids composed of the main elements  
 of the test section 

Element of the test section 

Parameter/physical 
property 

  Haynes 
230 

 Glass  Teflon Aluminium 

Density (kg∙m3) 8,970 2,500 2,160 2,702 

Specific heat of the 

liquid (J∙kg1∙K1) 
400 840 702 903 

Thermal conductivity  

(W∙m1∙K1) 
10.07 1.4 0.21 237 

3.2. Numerical simulations in Simcenter STAR-CCM+ 

Numerical calculations were performed using Simcenter 
STAR-CCM+, version 2020.2.1 Build 15.05.010. This program let 
one perform calculations related to heat transfer, change of state 
of matter, fluid flow or mixing of different substances. After assum-
ing the model of the test section and implementation, the data 
shown in Tabs. 3 and .4 into program, a desktop computer with an 
Intel Core i9 CPU (24 cores) and 256 GB of RAM clock speed at 
3.50 GHz helped provide simulations.  

4. RESULTS 

4.1.  Simulations due to Simcenter STAR-CCM+  
and validation with experimental data 

The temperature distribution in the test section as the results  
of numerical computations due to Simcenter STAR-CCM+ is 
shown in Fig. 4, respectively, for experiments with the fluids: HFE-
649 (Fig. 4a,b), HFE-7100 (Fig. 4c) and HFE-7200 (Fig. 4d). In 
this figure, the computational grids assumed for numerical simula-
tions are additionally enlarged to indicate more details in Fig. 4b. 
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Tab. 4.  Main physical properties of the working fluids and experimental 
parameters 

Physical properties of the working fluids  

Physical property HFE-7200 HFE-7100 HFE-649 

Density (kg∙m3) 1,430 1,532 1,510 

Dynamic viscosity (Pa∙s) 0.00061 0.00061 0.00057 

Specific heat of the liquid 

(J∙kg1∙K1) 
1,214 1,118 1,183 

Thermal conductivity  

(W∙m1∙K1) 
0.068 0.069 0.069 

Experimental parameters 

Fluid temperature  
at the inlet (°C) 

16.2 16.60 13.8 

Fluid temperature  
at the outlet (°C) 

23.1 23.70 18.6 

Temperature of an ambient 
air (°C) 

24.5 21.5 18.7 

Absolute pressure  
at the outlet (Pa) 

94,503 106,045 109,471 

Atmospheric pressure (Pa) 97,143 94,921 94,654 

Mass flow rate of the fluid 
(kg/s) 

0.00575 0.00580 0.00583 

Heat flux supplied  
to the heater (W) 

99.54 95.54 83.29 

The velocity distribution in the fluid due to STAR-CCM+, 
shown in the longitudinal section of the central minichannels, 
based on the data from the experiment with HFE-649 are pre-
sented in Fig. 5. Additionally, computational grids are illustrated in 
enlarged sections of the inlet (left side) and the outlet (right side) 
of this figure. 

For validation of the results from numerical simulations per-
formed in Simcenter STAR-CCM+, the temperature of the heated 
plate on the outer surface that contacts ambient air was compared 
to the results known from the infrared thermography measure-
ment. Figure 6 shows the dependence of the temperatures on the 
outer surface of the heated plate obtained from simulations and 
experimentation as a function of the distance from the minichan-
nel inlet.  

When the heater temperature vs the distance from the inlet 
was examined, a gradual increase in the temperature of the heat-
ed plate was observed with the increase in the distance in both 
relationships. 

For a more detailed comparison, Tab. 5 shows the values of 
the mean relative differences (MRD) between the outer surface of 
the heated plate calculated by Simcenter STAR-CCM+ and 
measurements carried out by the infrared camera during the 
experiments.  

Furthermore, the maximum absolute differences (MADs) were 
determined from the following formula:  

MAD = max|f − g|          (10) 

where f and g are functions.  
The MAD values are also listed in Tab. 5. 
When analysing the local temperatures of the outer surface  

of the heated plate obtained from numerical calculations in 
Simcenter STAR-CCM+ with the data obtained from the experi-
ments shown in Fig. 6, it was stated that no significant disparities 
can be observed. The temperature distributions are very similar in 
both cases. Furthermore, the MRD between the results do not 

exceed 3% and the MAD do not exceed 3°C (only for HFE-7200, 
the maximum value of the MAD is equal to 3.93°C). 

 

Fig. 4.   Temperature distribution in the test section as the results  
of numerical computations in Simcenter STAR-CCM+,  
for experiments with fluids: HFE-649 (a,b), HFE-7100  
(c) and HFE-7200 (d); (a) view on the side with the heated plate, 
(b) longitudinal section of the central minichannel; computational 
grids are visible in enlarged sections of the inlet (left side)  
and the outlet (right side) 
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Tab. 5.  The MRD and MAD values determined on the basis  
of the Simcenter STAR-CCM+ results and the data  
from the experiments 

Compared results MRD (%) MAD   (°C) 

HFE-649 

Temperature of an outer surface of the 
heated plate obtained by an infrared 
camera and by Simcenter STAR-CCM+ 

1.59 2.39 

HFE-7100 

Temperature of on outer surface of the 
heated plate obtained by an infrared 
camera and by Simcenter STAR-CCM+ 

2.82 3.93 

HFE-7200 

Temperature of the outer surface of the 
heated plate obtained by an infrared 
camera and by Simcenter STAR-CCM+ 

2.28 2.57 

MAD, maximum absolute difference; MRD, mean relative differences. 

 
Fig. 5.   Velocity distribution in the fluid obtained from numerical calcula-

tions by Simcenter STAR-CCM+ in the longitudinal section  
of the central minichannel based on the data from the experi-
ment with HFE-649; computational grids are visible in enlarged 
sections of the inlet (left side) and the outlet (right side) 

4.2. Simcenter STAR-CCM+ vs HPM and TM 

The TM was used to determine the temperature of the heated 
plate at the contact surface with the working fluids. Moreover, the 
results from numerical simulation in the Simcenter STAR-CCM+, 
in the form of temperature plots at the heated plate-fluid interface, 
were also obtained and shown for comparison. The local heat 
transfer coefficients were also determined according to the pro-
posed calculation methods. A 1D approach based on Fourier’s 
law was utilised to validate the heat transfer coefficient results 
derived from the TM and the HPM with TM. According to Ref. [38], 
the local heat transfer coefficients were calculated from the follow-
ing formula:  

𝛼1D(𝑥) =
𝑞𝑉

𝑇𝐺(𝑥,𝛿𝐺)−𝑇𝑓,𝑙𝑖𝑛(𝑥)−𝑞𝑉𝛿𝐺𝜆𝐺
−1                              (11) 

where Tf,lin  is the linearly changing fluid temperature from the 

inlet temperature to the outlet temperature. 
The results of calculations based on the experimental data are 

presented against the distance from the minichannel inlet as 
follows:  

 

 in Fig. 7, as the temperature of the contact heated plate – fluid 
surface according to the calculations using the TM and by 
Simcenter STAR-CCM+; 

 in Fig. 8, as the heat transfer coefficient according to the 
calculations using the HPM with the TM and by Simcenter 
STAR-CCM+. 

 

Fig. 6.   Temperature of the heated plate on the outer surface contacting 
ambient air from the calculation performed in Simcenter STAR-
CCM+ and obtained from the measurement due to an infrared 
camera, both as a function of the distance from the minichannel  
inlet 

To compare the results from numerical simulations and calcu-
lations with the use of TM and the 1D approach, the differences in 
form of MAD and the maximum average relative differences 
(MARD) were determined.  

MARD was defined by the following formula 

MARD = max (
‖f−g‖

‖f‖
,

‖f−g‖

‖g‖
)         (12) 

where: ‖ ‖ means L 2 norm. 
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Tables 6 and 7 show the fluids MARD and MAD values for the 
fluids under consideration and related to the contact surface 
temperatures and the calculated heat transfer coefficients. 

The analysis of the temperature results shows that numerical  
simulations in Simcenter STAR-CCM+ yield similar results to 
those obtained from the experiment (Fig. 6) and methods based 
on Trefftz functions (Fig. 7) and the 1D approach. For both meth-
ods, i.e. the TM and simulations in Simcenter STAR-CCM+, simi-
lar temperature distribution patterns are observed, with minor 
differences in their values.  

A comparative analysis of the results obtained from the two  
methods was carried out, the effects of which are shown in Fig. 7  
and listed in Tab. 6. The MARD and MAD values determined 
between the temperature values at the plate–fluid interface, de-
termined with the help of TM and the Simcenter STAR-CCM+ are 
listed in Tab. 6 The MARD values appear to be slight and are in 
the range 1.4%–2.28%. Furthermore, MAD values do not exceed 
3 °C. 

 

Fig. 7.   Temperature of the contact heated plate-fluid surface according 
to the calculations using the TM and due to Simcenter STAR-
CCM+ as a function of the distance from the minichannel inlet. 
TM, Trefftz method 

 

 

Fig. 8.   Heat transfer coefficient according to the calculations using the 
HPM with the TM, Simcenter STAR-CCM+ and the 1D approach 
as a function of the distance from the minichannel inlet. HPM,   
homotopy perturbation method; TM, Trefftz method 

Tab. 6.  The MARD and the MAD values for calculated contact surface 
temperature 

Compared results 
MARD 

[%] 

MAD 

[°C] 

HFE-649 

Contact surface temperature from calcula-
tions by the TM and Simcenter STAR-
CCM+ 

1.40 2.81 

HFE-7100 

Contact surface temperature from calcula-
tions by the TM and Simcenter STAR-
CCM+ 

2.28 2.81 

HFE-7200 

Contact surface temperature from calcula-
tions by the TM and Simcenter STAR-
CCM+ 

2.20 2.48 
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Tab. 7.  The MARD and the MAD values between heat transfer 
coefficient values calculated from the proposed mathematical 
methods  

Compared results 
MARD 

[%] 

MAD 

[W/(m2K)]] 

HFE-649 

Heat transfer coefficient obtained by the 
HPM with the TM and Simcenter STAR-
CCM+ 

25.07 251.68 

Heat transfer coefficient obtained by the 
HPM with the TM and 1D approach 

21.64 131.08 

Heat transfer coefficient obtained by the 
Simcenter STAR-CCM+ and 1D approach 

14.26 128.29 

HFE-7100 

Heat transfer coefficient obtained by the 
HPM with the TM and Simcenter STAR-
CCM+ 

22.26 223.63 

Heat transfer coefficient obtained by the 
HPM with the TM and 1D approach 

11.03 227.95 

Heat transfer coefficient obtained by the 
Simcenter STAR-CCM+ and 1D approach 

32.34 451.58 

HFE-7200 

Heat transfer coefficient obtained by the 
HPM with the TM and Simcenter STAR-
CCM+ 

22.80 174.98 

Heat transfer coefficient obtained by the 
HPM with the TM and 1D approach 

9.43 227.17 

Heat transfer coefficient obtained by the 
Simcenter STAR-CCM+ and 1D approach 

27.31 387.81 

The primary purpose of the HPM combined with the applica-
tion of the TM was to determine the heat transfer coefficient. 
Analysis of the results in Fig. 8 shows that the coefficient takes 
the highest values at the minichannel inlet while the lowest values 
at the outlet. According to the dependences, it was noticed that 
the heat transfer coefficient decreases with distance from the 
minichannel inlet. Similar plots were achieved with respect to the 
results obtained from HPM with the TM compared to the results 
resulting from the Simcenter STAR-CCM+ simulations and the 1D 
approach. Furthermore, for the results obtained by the presented 
calculation methods, the MARDs are in the range 9.43%–32.34% 
and the MAD did not exceed 451.58 W/(m2K) (see Tab. 7). 

Generally, it was stated that the high agreement between  
the experimental results and those obtained with the TM and 1D 
approach allows for the validation of the CFD model. 

When the heat transfer coefficient values determined from  
the combination of the HPM with the TM, Simcenter STAR-CCM+ 
and 1D approach were analysed, it was noticed that similar heat 
results were achieved. The highest value of the calculated differ-
ence between the heat transfer coefficients (262.68 W/(m2K)) 
according to both computational approaches occurred near the 
channel inlet. It could also be underlined that the same relation-
ship was obtained between the heat transfer coefficient and the 
distance from the minichannel inlet. With increasing distance from 
the inlet, the heat transfer coefficient decreased not dependently 
on the type of a cooling fluid. 

5. CONCLUSIONS 

The main aim was to develop an effective method to identify  
the heat transfer coefficient at the heater–working fluid interface 

during its flow in a minichannel. Numerical studies of heat transfer 
were based on experimental data concerning cooling fluid flow in 
a group of five 1-mm deep minichannels. The selected data from  
the experimental series relate the single-phase forced convection  
and the start of subcooled boiling. A two-dimensional mathemati-
cal model was developed, which assumed steady state heat 
transfer  
in the test section. The 1D approach allowed for the validation of 
heat transfer coefficients determined according to the Trefftz 
functions and numerical calculation in CFD. 

Two methods based on Trefftz functions, i.e. the classical TM 
and the HPM, were used to determine the temperature of the 
heated plate and the fluid. The advantage of the methods based 
on Trefftz functions used in the work is the simple mathematical 
apparatus. It was sufficient to use a small number of Trefftz func-
tions and a few iterations to obtain satisfactory results. Methods 
based on Trefftz functions were compared with the results ob-
tained with commercial CFD software, Simcenter STAR-CCM+ 
and the 1D approach. 

The main findings from the analysis of the results are as fol-
lows. 

 the temperature distribution on the heated plate obtained from 
numerical simulations was consistent with the temperature 
distribution achieved experimentally and determined by the 
TM. The MRD do not exceed 3% and the MAD was below 
4°C. The high agreement between the experimental results 
and those obtained with the TM allows for the validation of the 
CFD model;  

 the comparison between the heat transfer coefficients, calcu-
lated by the presented calculations methods gave satisfactory 
results; 

 the use of combination of the HPM with the TM and Simcenter 
STAR-CCM+ yielded similar heat transfer coefficient values; 
the most significant differences reaching 251.68 W/(m2K) 
were observed near the minichannel inlet;  

 from computational approaches, a similar plot of heat transfer 
coefficient variation as a function of distance from the mini-
channel inlet was obtained – the coefficient was found de-
creasing. 
Comparison of the results obtained with the two presented 

calculation methods, i.e. simulation by CFD and methods with 
Trefftz functions, is the forte of this work. The 1D approach based 
on Fourier's law was utilised to validate the heat transfer coeffi-
cient results derived from the hybrid method HPM with TM and 
numerical simulations in Simcenter STAR-CCM+. It should be 
noted that the presented calculations are based on experimental 
data. Furthermore, comparison of the results by the Simcenter 
STAR-CCM+ program with experimental measurements made it 
possible to validate the model adopted in this program. As a result 
of the validation of the aforementioned model, further studies 
including other refrigerants could allow for reduction of the exper-
imental part in favour of numerical simulations. Both steady-state 
and time-dependent problems will be considered, and the CFD 
software will also be used for their analysis. 

Nomenclature: 
cp – specific heat capacity, J/(kg K)  
f, g  – functions 
H – length of the minichannel, m 
h – function 
HPM – homotopy perturbation method 
L – linear operator  
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M – number of terms in Taylor series 
MAD – maximum absolute difference 
MARD     – maximum average relative difference 
MRD  – mean relative differences 
N – nonlinear operator 
p –  parameter 
qV – volumetric heat flux, W/m3 
T – temperature, K 
TM – Trefftz method 
u0 – initial approximation of the solution  
w – velocity, m/s  
x – coordinate in the direction of flow, m 
y – coordinate in the direction perpendicular to the flow  
                   and  width of the partitions, m 
Greek letters: 
𝛼 – heat transfer coefficient, W/(m2 K) 
𝛿 – thickness, depth, m 
λ – thermal conductivity, W/(m K) 
 – density, kg/m3 
Subscripts: 
ave – average 
f – fluid 
G – heated plate 
in – inlet  
IR – infrared camera 
lin – linear 
M – minichannel  
out – outlet 
1D – one dimension 
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