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Abstract: In recent years, there has been a growing interest in alternative sources of power supply for internal combustion engines. Lique-
fied petroleum gas injection systems are among the most popular. It becomes necessary to know mathematical descriptions of the opera-
tion of individual components. The article presents a mathematical model that describes the operation of the low-pressure gas injector. 
Valtek plunger injector was chosen as the test object. The mathematical description includes three parts, i.e. electric, mechanical and 
pneumatic. The electrical part describes the generation of electromagnetic force by a circuit with a coil, in the mechanical equilibrium equa-
tion of forces acting on the plunger, and in the pneumatic part the air pressure on the plunger. The calculations were performed in the 
Matlab/Simulink environment, creating current waveforms, acting forces and plunger displacement. Correctness of mathematical descrip-
tion and determined in the course of opening and closing time calculations were related to the values declared by the manufacturer, show-
ing differences below 3%. The presented mathematical model can be modified for other injector design solutions. 
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1. INTRODUCTION 

In recent years, natural oil deposits have been exploited at a 
rapid rate, resulting in rising fuel prices on international markets, 
and consequently, the number of engines powered by alternative 
liquefied petroleum gas (LPG) is growing year on year. 
(Raslavičius et al., 2014). The use of LPG as a fuel dates back to 
the beginning of the 20th century, and with the development of 
motorisation, the popularity of this fuel is growing. Manufacturers 
of gas systems and their components are required to meet the 
homologation requirements. Regardless of the original fuel system 
(carburettor, direct and indirect injection) or general trends like 
downsizing (Leduc et al., 2003), the alternative fuel supply must 
meet the emission requirements at the point of homologation 
(Ristovski et al., 2005; Mustafa and Gitano-Briggs, 2009). The 
problem is the successive tightening of emission standards for 
internal combustion engines used in transport (Bielaczyc and 
Woodburn, 2018), non-road and working machines (Waluś et al., 
2018; Warguła et al., 2020). The tightening of emission standards 
is accompanied by changes in the organisation of driving tests 
(Bielaczyc and Woodburn, 2018). This forces manufacturers to 
constantly search for new solutions in the structure of the combus-
tion process (Onishi et al., 1979; Jeuland et al., 2004; Mikulski et 
al., 2018) or the drive sources (Dimitrowa and Marechal, 2015; 
Grigor`ev et al., 2015; Raslavičius et al., 2017; Simon, 2017). 

The required condition for proper operation of the gas injection 
system is evenness (Szpica, 2018a) and repeatability (Szpica, 
2018) of injector dosage. In order to properly dose the fuel, injec-
tors with specific flow parameters, operation delay and durability 
are required (Czarnigowski, 2012; Borawski, 2015). Therefore, 
already in the course of construction, the gas injector should meet 
certain requirements, and mathematical modelling should be used 
for preliminary tests. 

There is a growing interest in computational methods that al-

low testing virtual prototypes of new solutions. The possibilities of 
solving mathematical dependencies, similarly as in general tech-
nical issues, are searched for using dedicated software for analyt-
ical or numerical calculations (Mieczkowski et al., 2007; Mikulski 
et al., 2015; Marczuk et al., 2019; Brumercik et al., 2020). An 
alternative to this procedure is to use specialised software based 
on finite element method (FEM) (Bensetti et al., 2006; Cheng et 
al., 2014; Mieczkowski et al., 2020) or computational fluid dynam-
ics (CFD) (Wendeker et al., 2007; Czarnigowski et al., 2009). 
Similarly, with the modelling of the working cycle of an LPG en-
gine, it can be solved in an analytical (Cao et al., 2007) or numeri-
cal (Pulawski and Szpica, 2015) way. 

The fuel injector in its mathematical description focuses on 
many aspects. In the execution part, there is a coil with a circuit 
generating electromagnetic field causing valve movement (Passa-
rini and Nakajima, 2003; Passarini and Pinotti, 2003) or piezoelec-
tric drive (Pogulayev et al., 2015; Mieczkowski, 2019; Mieczkow-
ski, 2019a). In the mechanical part, the motion of the actuator 
element is analysed (Lim et al., 1994) and related to friction 
(Borawski, 2018, 2019) along with aerodynamic drag. Hydraulic 
aspects concern the process of flow through the cycle working 
valve (Czarnigowski et al., 2007; Marčič et al., 2015). A separate 
part in modelling of the fuel injector operation process is formed 
by the issues of electric power supply. The specificity of the signal 
controlling the opening of the fuel injector is based on a transistor 
key, which is also designed to limit the power supply to prevent 
overheating of the injector (Hung and Lim, 2019). For this pur-
pose, a pulse-width modulation (PWM) signal is used some time 
after the opening is initiated (Taghizadeh et al., 2009; Szpica, 
2016). Each time a fuel injector is modelled, input data is required 
to determine the geometry, electrical, mechanical or hydraulic 
processes. 

Due to the lack of a comprehensive mathematical model de-
scribing the operation of the low-pressure gas injector, an attempt 
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was made to create it. Considering some limitations, especially in 
the mathematical description of the electromagnetic field generat-
ed by the coil with moving core, an empirical model was pro-
posed. The goal was also to show the influence of particular 
factors shaping plunger displacement. On this basis, the factors of 
minor importance may be omitted in the course of model simplifi-
cation. The presented approach allows to develop, based on the 
proposed mathematical description, models of varying degrees of 
complexity and possible extensions. 

2. THE RESEARCH OBJECT 

The object of the research was Valtek Rail Typ 30 low pres-
sure gas injector (Fig. 1). This is a plunger type injector with a 
transverse flow. The plunger movement is caused by an electro-
magnetic circuit that includes coil and cramp. The spring is re-
sponsible for plunger contact with the corps at standstill. The 
plunger movement is bounded by a limiter. The gas flows from the 
inlet nozzle to the outlet nozzle when the coil is electrically pow-
ered and the plunger is moved. The plunger has elastic feet 
mounted at the bottom and top. 

 
Fig. 1. Valtek Rail Typ 30 gas injector 

Basic technical data of the Valtek injector have been present-
ed in Table 1. 

Tab. 1. Basic technical data of the Valtek Rail Typ 30 gas injector 
 (https://www.valtek.it/...) 

Parameter Unit Value 

Coil resistance  3 

Plunger displacement mm 0.4 

Nozzle size mm Min. 1.5 / Max. 3.5 

Opening time ms 3.4 

Closing time ms 2.2 

Max. working pressure Pa 4.5 𝑒5 

3. MODELLING METHODOLOGY 

The mathematical modelling of the low-pressure gas injector 
can be based on mathematical descriptions of electrovalves from 
pneumatic actuators (Rahman et al., 1996a, 1996b; Chu et al., 
2007; Kamiński, 2013, 2014) or liquid fuel injectors. In case of fuel 
injectors, the models can be divided into physical zero, single or 
multi-dimensional (Matković et al., 2005; Czarnigowski et al., 
2007; Ouyang, 2009; Minghai and Feng, 2010; Li and Jiang, 

2010) and empirical (Duk and Czarnigowski, 2001; Mehlfeldt et 
al., 2008; Yang et al., 2012, Borawski, 2015a). The issues mainly 
concern the movement of the injector's execution element, which 
in effect determines the mass of fuel that flows out of it (Morselli et 
al., 2002; Mehlfeldt et al., 2008; Liu and Ouyang, 2009; Li and 
Jiang, 2010; Haiping and Xianyi, 2010). All mathematical models 
emphasise the existence of time delays resulting mainly from 
inertia forces and resistance to motion of the executive element in 
the ratio of a given impulse to fuel outflow (Szpica, 2017). 

The mathematical description of the function of the low-
pressure gas injector is based on Fig. 2. 

 
Fig. 2. The scheme of the gas injector (description in the main text) 

Due to the high complexity of the mathematical description, 
the following simplifying approaches were assumed: 

 the plunger movement is caused by the result of acting forces 
(the reflection effect in the return positions is omitted); 

 body vibrations and other mechanical disturbances do not 
affect the plunger movement; 

 eddy currents, magnetic saturation and coil temperature do 
not affect the parameters of the electromagnetic circuit; 

 the pressing force coming from the air pressure depends on 
the plunger position; 

 friction is divided into static, kinetic and viscous and its value 
depends on plunger movement (coefficient values do not 
depend on temperature and pressure inside the body); 

 the aerodynamic drag force of the plunger is included; 

 due to the complexity of construction, the inductance of the 
electromagnetic circuit will be determined experimentally; 

 stiffness of the pressure spring will be determined 
experimentally, vibrations will be omitted. 
The equation of equilibrium on this basis (Fig. 2) can be writ-

ten down in the form: 

𝐹𝑚 + 𝐹𝑑 + 𝐹𝑠 + 𝐹𝑝 = 𝐹𝑒 (1) 

where 𝐹𝑚 is the resistance force of mass inertia, 𝐹𝑑 the friction 

force, 𝐹𝑠 the spring force, 𝐹𝑝 the pressure force and 𝐹𝑒 is the 

electromagnetic force. 
The resistance force of mass inertia in reciprocating motion 

inertial force is described as: 

𝐹𝑚 = 𝑚
d2𝑥

d𝑡2 (2) 

where 𝑚 is the mass of the moving element. 
In the case of injector plunger movement, damping (𝐵 in 

Fig. 2) may be the result of friction between plunger and corps as 
well as gas and aerodynamic drag force. Despite the fact that the 
electromagnetic system should align the plunger, it is assumed 
that under horizontal mounting conditions, the plunger will press 
its weight on the pilot. 
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The damping force is described as: 

𝐹𝑑 = {
𝐹𝑓𝑠  if  𝑥 = 0, 𝑥 = 𝑚max

𝐹𝑓𝑘 + 𝐹𝑣 + 𝐹𝑑𝑓  𝑖𝑓  𝑥 ≠ 0
 (3) 

where 𝐹𝑓𝑠 = 𝜇𝑠𝐹𝑁 is the force of static friction, 𝐹𝑁 the normal 

force, 𝐹𝑓𝑘 = 𝜇𝑘𝐹𝑁 the force of kinetic friction,  

𝐹𝑣 = 𝜇𝑣
d𝑥

d𝑡
sgn(𝑥) the force of viscous friction,  

𝐹𝑑𝑓 = 0.5 𝐴 𝑐𝑑𝜌 𝑣2sgn(𝑥) the force of aerodynamic drag,  

𝜇𝑠 the coefficient of static friction, 𝜇𝑣 the coefficient of viscous 
friction, 𝜇𝑘 the coefficient of kinetic friction, 𝑐𝑑  the drag coefficient, 

𝜌 the density of air, 𝑣 =
d𝑥

d𝑡
 the flow velocity and 𝐴 is the charac-

teristic frontal area of the body. 
The spring force is described as: 

𝐹𝑠 = 𝑘(𝑥0 + 𝑥) (4) 

where 𝑘 is the spring stiffness, 𝑥 the displacement element and 

𝑥0 is the initial tension of the spring. 
The pressure force is given as: 

𝐹𝑔 = {
𝐴1𝑝1 + 𝐴2𝑝2  𝑖𝑓  𝑥 = 0 mm

0  𝑖𝑓  𝑥 > 5𝑒 − 7 mm
 (5) 

where 𝐴1 is the cross area over the valve, 𝑝1 the gas pressure, 

𝐴2 the cross area under the valve and 𝑝2 is the inlet manifold 
pressure. 

The electromagnetic force being the result of the circuit opera-
tion can be obtained from the relation: 

𝐹𝑒 =
1

2
𝐼2 d𝐿(𝑥)

d𝑥
 (6) 

where 𝐼 is the current and 𝐿 is inductance. 
Using the Faraday`s and Kirchhoff`s laws, one may obtain a 

differential equation describing the change of the current supply-
ing the electromagnetic circuit: 

d𝐼

d𝑡
=

1

𝐿(𝑥)
(𝑈 − 𝑅𝐼 −

d𝐿(𝑥)

d𝑥

d𝑥

d𝑡
𝐼) (7) 

where 𝑅 is the resistance and 𝑈 is the voltage. 
Then, substituting all components to Eq. 1, we will obtain an 

equation of equilibrium that is as follows: 

𝑎 =
d𝑣

d𝑡
=

𝐹𝑒−𝐹𝑚−𝐹𝑑−𝐹𝑠−𝐹𝑝

𝑚
 (8) 

To solve Eq. 8, numerical methods are used and a dedicated 
software is needed. The calculation process is dependent on the 
values of input parameters and boundary conditions. There are 
two options to deal with boundary conditions. In the first simpler 
variant, hard plunger displacement limits are defined (Borawski, 
2015a) in the second variant, it is necessary to describe meticu-
lously mechanical collisions (Tian and Zhao, 2018). The hard 
constraints are realised by the correct setting of the integrating 
integrator, while the description of mechanical collisions is a com-
plex system of switch commands. The second variant also allows 
for more precise modelling of the plunger rebound event in the 
turning positions. 

4. NECESSARY PARAMETER TO INITIATE CALCULATION 

In case of controlling the opening of the gas injector, a transis-
tor key is used and the voltage course is specific for the so-called 
short to ground (Szpica, 2018b). Therefore, this type of extortion 

should be reversed as an input value in the model, bypassing the 
part of the voltage drop, where overvoltage occurs in the opposite 
direction to extortion. Finally, the extortion signal is defined as a 
rectangle with the height equal to the value of the supply voltage 
and the length resulting from the opening time. 

One of the most important parameters required to initiate cal-
culations is the relation between the inductance of the electro-
magnetic system and the plunger displacement. There are many 
analyses in the literature to calculate this parameter dependent on 
coil parameters and installation geometry. The calculations are 
based on empirical and numerical models (Pacurar et al., 2015; 
Bali and Erzan Topcu, 2018). The studies mainly focus on air coils 
without considering the internal core movement (Lu and Jensen, 
2003; Xiang et al., 2008; Plavec et al., 2019; Taghizadeh et al., 
2009; Dongiovanni and Coppo, 2010; Cheng et al., 2015). In 
mathematical descriptions that take into account the movable 
core, there is no clear experimental verification (Cheung at al., 
1993; Cvetkovic et al., 2008; Liu et al., 2011; Lunge and Kurode, 
2013; Li et al., 2017; Tian and Zhao, 2018; Demarchi et al., 2018). 
There are no guidelines for determining the inductance of an 
electromagnetic circuit, taking into account the construction condi-
tions and characteristics of the materials used. 

This is why it was decided to use the results of the experi-
mental research included in Szpica (2016a). The values were 
measured RLC CMT-417 Meter and a special test will be used at 
100 Hz  pulse frequency. The measurement results are present-

ed in Fig. 3. The relation 𝐿 = 𝑓(𝑥) was approximated with the 
polynomial of 3rd degree achieving the compliance, which is 

confirmed by the value 𝑅2 = 99.9 %. On the result of the ap-
proximation dependence, a derivative was determined: 

d𝐿(𝑥)

d𝑥
= −21e6𝑥2 + 10355.6𝑥 + 0.990 (9) 

 
Fig. 3. Test results on inductance as a function of the lift of the injector 

 working component 

Due to the complicated shape of the pressure spring, its rigidi-
ty was determined experimentally. For this purpose, the AXIS 
FB50 50 N with tripod and MITUTOYO altimeter was used, as well 
as the measuring range including working stroke and preload. The 
measurement results are presented in Fig. 4. The trend line was 

linearly approximated to a stiffness of 832.83 N/m  

(𝑅2 = 99.9 %). 
The parameters needed to initiate the simulation have been 

presented in Table 2. At the input, the voltage control pulse was 
set in the form of a rectangular run. At 𝑡 = 0 s, the voltage 

reached 𝑈 = 12 V and the plunger was in the position 𝑥 = 0 m. 

After the time 𝑡 = 𝑡𝑖𝑛𝑗, the voltage dropped in steps to 𝑈 = 0 V. 

The integrating integrator of displacements had been set to a limit 

value of 𝑥max. 
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Fig. 4. Test results on the spring stiffness 

Tab. 2. Parameters, functions and conditions needed to initiate the simu-
lation 

Parameter Volume 

Injection time 𝑡𝑖𝑛𝑗 = 5 ms 

Mass of the piston and needle 𝑚 = 5𝑒 − 3 kg 

Resistance  𝑅 = 3  

Inductance function Fig. 3 and Eq. 9 

Spring stiffness Fig. 4 

Initial tension the spring 𝑥0 = 0.75 mm 

Coefficient of static friction 𝑠 = 0.61 

Coefficient of kinematic friction 
𝑘

= 0.47 

Coefficient of viscous friction 𝑣 = 0.009 Ns/m 

Coefficient of aerodynamic drag 𝑐𝑑 = 1 

Normal force 𝐹𝑁 = 𝑚 𝑔 

Characteristic frontal area of the 
body, cross area over the valve 

𝐴 = 𝐴1 = 32.56𝑒 − 6 m2 

Cross area under the valve 𝐴2 = 12.56𝑒 − 6 m2 

Gas pressure 𝑝1 = 1𝑒5 Pa + 𝑝2 

Inlet manifold pressure 𝑝2 = 1𝑒5 Pa 

Density of air 𝜌 = 1.2 kg/m3 

5. RESULTS OF THE SIMULATION 

By twice integrating the relation Eq. 8, we will obtain a dis-
placement of the piston. It allows conducting calculations of the 
gas injector operation in the entire cycle, i.e. opening, holding the 
open position and closing. The differential Eq. 8 was solved nu-
merically with the implicit trapezoidal method combined with re-

verse differentiation (variable steps, min. step 1𝑒 − 7 𝑠) in 
Matlab/Simulink (Yang et al., 2005). This software allows for easy 
implementation of empirical models in workspace, which has been 
confirmed in studies (Shamdani et al., 2006; Borawski, 2015a; 
Demarchi et al., 2018). 

As a result of the simulations, it is possible to evaluate the cor-
rectness of the mathematical description on the basis of the volt-

age 𝑈, current 𝐼 and displacement 𝑥 (Fig. 5). 
Analysing the course in Fig. 5, it can be seen that the injector 

starts opening with a delay of 𝑡𝑟𝑜 = 2.17 ms and the opening 

process itself takes 𝑡𝑜 = 1.30 ms. The current course is visible 
when the injector reaches complete opening. After a power cut, 
the injector closes. The exact time to fully open 𝑡𝑓𝑜 = 3.47 ms 

and to fully close 𝑡𝑓𝑐 = 2.15 ms is read from the graph. 

 
Fig. 5. The results of the simulation: 𝑡𝑟𝑜 – opening response times, 

 𝑡𝑜 – opening times, 𝑡𝑓𝑜  – full opening times, 𝑡𝑓𝑐  – full  

closing times 

Presented in Eq. 1 the balance of forces acting on the plunger 
determines its movement. As can be seen in Fig. 6, the initial 

phase of the injector's operation marked as 𝐴 is the overcoming 
by the electromagnetic force 𝐹𝑒 of air pressure 𝐹𝑝, spring force 𝐹𝑠 

and static friction force 𝐹𝑓𝑠. 

 
Fig. 6. Course of the forces and displacement 

 (description in the main text) 

At the start of the movement, the static friction force 𝐹𝑓𝑠 

changes into the kinetic friction force 𝐹𝑓𝑘, and after time 𝐵`, the 

force 𝐹𝑝 disappears. During the displacement of the plunger (𝐵 in 

Fig. 6), the viscous friction force 𝐹𝑣 and the aerodynamic drag 

force 𝐹𝑑𝑓 are added as load, which change their turn in the return 

motion, just like 𝐹𝑓𝑘, and the plunger inertia. In section 𝐶, only the 
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electromagnetic force increases because the plunger is stationary. 

At closure (𝐷 in Fig. 6), the spring's stiffness is responsible for the 
return motion, and it determines this process, since the 

electromagnetic force 𝐹𝑒 fades away in steps. To sum up Fig. 6, it 
should be stated that the dominant forces are the electromagnetic 
force 𝐹𝑒, the air pressure force 𝐹𝑝, the spring force 𝐹𝑠 and the 

plunger inertia. The remaining forces have little influence on the 
opening and closing process of the injector, especially the viscous 

friction force 𝐹𝑣 and the aerodynamic drag force 𝐹𝑑𝑓. 

The injector opening and closing times calculated in the 
course of analysis were compared with those declared by the 
manufacturer (Table 3). It was found that full opening time differs 

by 2.05 % and full closing time by 2.27 % from the manufactur-
er's declaration, which should be considered an acceptable result. 
In the case of the opening process, the reason for this difference 
can be assumed to be the acceptance of a force loss in steps 

from the pressure 𝐹𝑝 to the set value of the lift 𝑥. In addition, the 

inductance was determined at a certain frequency, which may 
also affect the calculation results. In the case of the closing pro-
cess, the power cut may have been influenced by the power 
drops, which, however, fall with some slight delay (Szpica, 2017). 

Tab. 3. The technical data and calculated comparison 

Parameter Technical 

data (𝐦𝐬) 

Calculated 

(𝐦𝐬)  

Absolute 

error (%) 

Full opening time 3.40 3.47 2.05 

Full closing time 2.20 2.15 2.27 

In the course of further activities, it is planned to implement 
the model presented in the study to other injector design solu-
tions, including plate and membrane. In these cases, the model 
descriptions of electromagnetic circuits available in the literature 
should be considered more accurately. Additionally, it is planned 
to develop a mathematical model of the electromagnetic circuit, 
which can be used in modelling of the operation of the low pres-
sure gas injector without the need for experimental determination. 
The final requirement will be to carry out an experimental valida-
tion of the simulation results using sensors that do not interfere 
with the injector's electromagnetic field generating system. 

6. CONCLUSIONS 

The article describes the course of mathematical modelling of 
the low-pressure gas injector. The overall mathematical model 
consists of several parts: electrical, mechanical and hydraulic. In 
the electrical part, the process of rising and falling of the supply 
current depending on the supply voltage and magnetic properties 
of the circuit with the coil is described. In the mechanical part, 
inertia and frictional resistances and aerodynamics are taken into 
account, also taking into consideration the spring return pressure. 
Hydraulic part is the pressure force on the plunger coming from 
the air pressure, which is assumed in the model as the working 
medium. The calculations were carried out in the Matlab/Simulink 
environment, and the Valtek Rail Type 30 injector was selected as 
the object.  

On the basis of the work carried out, the following conclusions 
can be made : 

 The proposed mathematical description of the operation of the 
low-pressure gas injector allows to simulate its operation. 

 The use of experimental results and their implementation into 
an empirical model seems to be useful in modelling a complex 
electromagnetic system with a coil and a movable core. 

 The movement of the working element of the gas injector 
(plunger) is determined by the electromagnetic force, inertia, 
pressure and spring. 

 Little influence of frictional and aerodynamic drag on the 
process of opening and closing the gas injector has been 
noticed. 

 The results showed that full opening time differs by 2.05 % 
and full closing time by 2.27 %, which gives grounds to 
consider the proposed model to be correct. 
Some imperfections in the mathematical description were 

noticed which may influence the results. This is a reason for 
further mathematical analyses and the necessity to carry out 
partial experimental research, i.e. electromagnetic force acting on 
the plunger, frictional resistances and others. 
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