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Abstract: The contact problem for interaction between an elastic sphere and an elastic half-space is considered taking into account partial
thermomechanical frictional slip induced by thermal expansion of the half-space. The elastic constants of the bodies are assumed
to be identical. The Amontons—Coulomb law is used to account for friction. The problem is reduced to non-linear boundary integral
equations that correspond to the initial stage of mechanical loading and the subsequent stage of thermal loading. The dependences
of the contact stress distribution, relative displacements of the contacting surfaces, dimensions of the stick and slip zones on temperature
of the half-space are studied numerically. It was revealed that an increase in temperature causes increases in the shear contact stress
and the relative shear displacements of the contacting surfaces. The absolute values of the shear contact stress reach their maximum
at the boundaries of the stick zones. The greatest value of the moduli of the relative shear displacements are reached at the boundary

of the contact region. The stick zone radius decreases monotonically according to a nonlinear law with increasing temperature.

Key words: elastic contact, thermomechanical slip, stick and slip zones, contact stresses, integral equation, numerical solution,
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1. INTRODUCTION

Solving contact problems on the interaction of elastic bodies
often requires taking account of the friction between the contact-
ing surfaces. The complexity of such problems is usually caused
by the fact that the contact surface and the stick and slip zones
arising on it are unknown and can have a complex unpredictable
shape, which varies with the applied loading. These circumstanc-
es lead to nonlinearities in the formulation of such problems that
significantly complicates their solving.

The investigations of partial frictional slip for various types of
mechanical loading were initiated by Cattaneo (1938) and Mindlin
(1949) and are actively continuing thus far. The reviews of such
studies are presented in numerous papers (Kalker, 1977; Hills and
Urriolagoitia  Sosa, 1999; Barber and Ciavarella, 2000;
Goryacheva and Martynyak, 2014) and books (Johnson, 1985;
Hills et al., 1993; Ostryk and Ulitko, 2006; Popov, 2017; Barber,
2018; Ostryk, 2018).

In real operating conditions, the contacting bodies are often
heated, and this can lead to change in the conditions in the con-
tact region. Therefore, taking into account temperature effects
plays an important role in the investigation of contact interactions.
The major studies in this area are dedicated to investigation of the
non-frictional thermoelastic contact (Borodachev, 1962; Grilitskii
and Shelestovskii, 1970; Barber, 1973; Dundurs and Panek, 1976;
Comninou et al., 1981; Krishtafovich and Martynyak, 1999;
Kulchytsky-Zhyhailo et al., 2001; Martynyak and Chumak, 2012;

Chumak 2018; Chumak and Martynyak, 2019) and investigation of
the effects associated with heat generation due to sliding friction
(Barber, 1976; Yevtushenko and Kulchytsky-Zhyhailo, 1996;
Grilitskii and Pauk, 1997; Pauk, 2006; Kulchytsky-Zhyhailo et al.,
2011).

However, thermal deformations can also cause partial slip of
the contacting surfaces when bodies are heated. Determining
distributions of the resultant shear contact stress as well as
boundaries of slip and stick zones is especially important in the
investigation of fretting wear and fatigue of real components of
machines and structures (Hills and Urriolagoitia Sosa, 1999).
Thermomechanical partial slip has been studied in a few works
only. Pauk (2005, 2007) investigated thermally induced partial slip
between a flat-ended punch and an elastic half-space with differ-
ent temperatures. The thermoelastic stick-slip contact problem for
two semi-infinite solids in the presence of a single thermoinsulated
interface gap was studied by Malanchuk et al. (2011). The effect
of thermal conductivity of an interstitial medium on partial slip
between a textured half-space and a flat half-space, which is
caused by an imposed heat flow, was examined by Chumak et al.
(2014).

This paper aims to investigate partial frictional slip between
the contacting surfaces of an elastic sphere and an elastic half-
space that is caused by sequentially applied mechanical and
thermal loads. The effect of the thermal load on the shear contact
stress, relative slip of the contacting surfaces, and dimensions of
the stick and slip zones will be studied.
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2. STATEMENT OF THE PROBLEM

Consider the contact problem for an interaction between an
elastic sphere and an elastic half-space. The bodies are assumed
to be isotropic and have identical elastic properties characterised
by Young’s modulus E and Poisson’s ratio v. The initial tempera-
tures of the bodies are zero. The bodies are loaded in two stages.
Initially the sphere is pressed into contact with the half-space by a
normal force P. The radius a, of the resultant contact region is
supposed to be small in comparison with the radius R of the

sphere (a, < R). Then, while the normal force is held constant,
the half-space is uniformly heated to the temperature T and the
thermal linear expansion of the half-space occurs. The contact
surface is assumed to be thermoinsulated. The relative displace-
ments of the points of the contacting surfaces resulting from the
thermal expansion of the half-space are partially restrained by
friction obeying the Amontons-Coulomb law (Kalker, 1977).

We will consider the problem in a three-dimensional formula-
tion. Let us introduce the coordinate system in such a way that the
elastic half-space is determined by the inequality z < 0, and the
origin of the coordinate system is the point of initial contact be-
tween the sphere and the half-space (Fig. 1).

(2)

Fig. 1. The schema of contact interaction

Considering that the contact region radius is small in compari-
son with the sphere radius, the sphere can be replaced by the
elastic half-space z = 0. Below we will consider the contact
boundary conditions separately for each of the two loading stages.

The boundary conditions at the first loading stage are speci-
fied in the bounded domain Q of the plane z = 0, containing an
unknown contact region Q,. Since the contacting materials are
identical, the elastic shear displacements of the points of the
contacting surfaces are the same and friction does not arise
(Johnson, 1985). Thus the shear stresses on the both contacting
surfaces are zero and the boundary conditions in every point
s = (x,y) € Q can be written as follows (Barber, 2018):

g(s) =0, sen; (1a)
p(s) =0, sEN; (1b)
g(s)p(s) =0, s €. (10)

In the relations expressed in Eq. (1), g(s) is a function of a

gap between the bodies:

9(s) = uP(5,0) — uf?(5,0) + go(s) — A, 2)
where u{P(s,0), u®(s,0) denotes normal elastic displace-
ments of the points of the contacting surfaces; A denotes the
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approach of two bodies; and g,(s) denotes the initial gap be-
tween the bodies in their undeformed state. As the sphere radius
R is large in comparison with the contact region radius, the initial
gap go(s) near the origin of the coordinate system can be ap-
proximately represented in the following form (Johnson, 1985):
x2+y?

T ©)

go(s) =

The function p(s) in Eq. (1) describes the contribution of a
contact pressure in the domain 2.

The condition (1a) means the non-negativity of the gap g(s)
between the bodies (there is no interpenetration), the condition
(1b) means the non-negativity of the contact pressure p(s), the
condition (1c) means that contact pressure is zero outside the
contact region and the gap is zero inside this region.

The relationship between the unknown functions g(s) and
p(s), in accordance with the Boussinesq's solution (Johnson,
1985), is expressed in the following integral form

g(s) =2- L1 P 4 go(s) -4, @

wherer = |s —s'| = \/(x —x)2 + (y —y')2.
The relations obtained in Eq. (1) should be supplemented with
the following equilibrium condition:

P = [,p(s)ds. (5)

When the approach A of the bodies is given, the condition in
Eq. (5) is used for determination of the pressing force P ensuring
the approach A.

Thus, at the first loading stage, the problem is reduced to
determination of the function p(s), which satisfies the boundary
conditions in Eq. (1) (taking into account the relations in Eq. (4)) at
every point of the domain £2. Once the contact pressure p(s) is
found, the contact region £, is determined from the condition
9(s) =0.

Heating the lower half-space to the constant temperature
T > 0 gives rise to thermal shear displacements of its boundary.
These displacements lead to the appearance of a peripheral
annular zone of slippage of the contacting surfaces, where friction
forces act, and a central circular zone 2, of stick of the contacting
surfaces. The radius of the zone 0, is a; (a; < ay).

Therefore, the thermal expansion of the surface of the lower
half-space in the presence of friction will cause relative shear
displacements of the contacting surfaces u,(s), u, (s) and the

shear stresses 74y (s, 0), 743 (5,0) , 732(s5,0) 75 (s,0) on

the contacting surfaces.

When the elastic constants of the bodies are the same, the
shear stresses do not affect the geometry of the contact region £,
and the distribution of the contact pressures p(s) (Johnson,
1985). Thus, we will assume that the domain £, as well as the
function p(s) are known and have been determined when solving
the problem for the first loading stage.

The following formulas are valid for displacements wu,.(s) and
u, (s):

ue(s) = 45 (5,0) — uP(s5,0) — £ (s), (6a)
u, (5) = uM(5,0) — ul(s,0) — 2P (s), (6b)

where: u (s, 0), ugl) (s,0) and u? (s, 0), uf) (s, 0) are the
elastic shear displacements of the upper and the lower contacting
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surfaces that are caused by the contact shear stresses;
ﬁ,(cz)(s) =a-x-T, ﬁ§,2)(s) =a-y-T are the shear
displacements of the points of the lower contacting surface that
are caused by thermal expansion of the lower half-space
(o denotes the coefficient of linear thermal expansion) (Nowacki,
1986).

The contact boundary conditions for the second loading stage
include the conditions of equality of shear stresses on the
surfaces inside the contact region 2,

t30(5,0) = 12(s5,0), T5)(5,0) =12 (5,0), s €0y (7)

and the relations of the Amontons—Coulomb law.

In view of Eq. (7), it is sufficient to write the Amontons—
Coulomb law for the contact stress acting on the upper contacting
surface only.

Denoting

0:() = =75 (5,0), qy(s) = —15,)(5,0), @)
the relations of the Amontons-Coulomb law can be represented as
(Kalker, 1977)

|ﬁ| < U -p(s)’ S € 'QOi (ga)

MEE ﬁ=—u-p(s)-h%|,seflo, (9b)

where: ¢ = (qx(s), qy(s)) is the vector of specific shear stress
acting on the upper contacting surface at the point s;
Uu= (ux(s), uy(s)) is the vector of shear displacement of the

upper contacting surface with respect to the lower one at the
point s; and u denotes the coefficient of friction.

Passing from the vectors ¢, i to their components, the
conditions in Eq. (9) can be rewritten in the following equivalent
form:

VaE(S) +q3(s) S u-p(s), s € Qy; (10a)
qx ($)yJui(s) + uj(s) + p - p(s)u,(s) =0, s € 2y; (10b)

gy ()Juz(s) + ui(s) + p-p(s)u,(s) =0, s € 2,. (10c)

The condition (10a) means that the absolute value of the
shear stress at any point of the contact region 0, does not
exceed the product of the coefficient of friction u and the contact
pressure value at this point. The conditions (10b) and (10c) mean
that for all the points of the contact region where slippage takes
place (|u]| # 0) the equality |G| = u-p(s) holds, and the
vector of shear stress ¢ and vector of the relative displacement of
the contacting surfaces i have opposite direction. For stick
(|d] = 0), the equalities (10b) and (10c) become identities.

According to the Cerruti solution (Johnson, 1985), the
differences in the shear elastic displacements in Eq. (6) can be
expressed in the following integral form:

u)(cl)(s, 0) — ufcz)(s, 0) = fﬂ K, (s,5)q,(s"Nds’ +

f_Q ny(sisl)qy(sl)dsl’ (113)
u§,1)(s, 0) — u§2)(s, 0) = J, Kyx(s,5)qx(s)ds" +

J, Kyy (5,8 qy(s")ds’, (11b)
where:

acta mechanica et automatica, vol.15 no.4 (2021)

, 1-v3) 1 vl +v) (x—x')?
Kox(s,57) = 2 nE 1 2 nE rs

, , v(l+v) (x—x)y—-vy")
Kyy(s,8") = Ky (s,s") =2~ — 3 ;

, 1-v3 1 v(l+v) (v —-y')?
Kyy(s,s) =2 2E r T aE r3 7

r=ls—s'l=yx-x)2+ G -y)2

Therefore, the problem for the second loading stage is
reduced to determining the functions q..(s), g, (s), which satisfy
the relations obtained in Eq. (10) (taking into account Egs (6) and
(11)) at every point of the contact region £,, and the function
p(s) is known from the solution of the problem for the first loading
stage. Once the distributions of the shear contact stresses
qx(s), qy(s) are found, the stick zone 2, is determined from
the condition || = 0.

3. INTEGRAL EQUATIONS OF THE CONTACT PROBLEM

To obtain integral equations describing the contact interaction
of the bodies at the first and second loading stages, we use the
approach proposed in the literature (Aleksandrov, 2015;
Alexandrov and Streliaiev, 2014; Streliaiev, 2016).

According to it, consider the helper functions:

_fx,ifx=0,
HW = {05 20 (12
( )= X, if yx?2+y2 <z, "
Qx;y,z - \/xJzCL-FyZ'If (x2+y2>zl ( )

The following theorems (provided below without proof) hold for
the properties of the helper functions (Aleksandrov, 2015).
Theorem 1. For any real numbers x, y, the system

x =0,
{yZO, (14)
x-y=0

is equivalent to the equality
x=Hx—-E-y), (15)

where E is an arbitrary positive number.
Theorem 2. For any real numbers x,y,u,v and any non-
negative number z, the system of relations

JxZ+y? <z
x-Vul+vi+z-u=0, (16)
y-vuz+vi+z-v=0

is equivalent to the system of equalities

{x =Q(x—Eu,y — Ev,z),

y=Q(y — Ev,x — Eu, z), (17)

where E is an arbitrary positive number.

As follows from the Theorem 1, boundary conditions in Eq. (1)
with the use of the function H can be expressed as a single
nonlinear integral equation for the function p(s) defined in the
domain 0:
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p(s) = H(p(s) —E, - g(s)) (18)

where E; is an arbitrary positive number.

In view of the Theorem 2, the boundary conditions in Eq. (10)
are reduced to a system of nonlinear integral equations for the
functions q,.(s), g, (s) defined in the domain £2,:

0(5) = Q (02(5) = Bz (), 0y (5) — Eqty (), - p(5)),

4y(5) = Q (ay(5) = Exty (5), @ (5) — Eatty(5), - p(s) ),
(19)

where E, is an arbitrary positive number, and the non-negative
function p(s) is known from the solution of Eq. (18).

The method proposed by Aleksandrov (2015) is utilised to
solve the system of integral Eqs (18) and (19) numerically. This
method includes regularisation of integral equations, discretisation
of the regularised equations and usage of an iterative process for
obtaining an approximate solution to discrete analogs of the
regularised equations.

Such discrete analogs can be obtained by defining the domain
£ as an open square which is bounded by straight lines parallel to
the axes Ox, Oy. Let us divide the domain 2 for every positive
integer n into n? square domains wy, w,, ..., w,z2 of equal area
that are arranged as the square 2. Assuming that the unknown
function p(s) has a constant value p, on every element w,, at
the first loading stage, we obtain the following system of n2 non-
linear scalar equations for an approximate solution to Eq. (18):

pr=H (Pk —E;- (2?21 allcj P~ b’%))' 20)

We assume that the functions q,(s) and gq,(s) have
constant values q,,—; and g,, on every element w; at the

second loading stage. Then the discrete analog of the system in
Eq. (19) has the following form:
Q2k-1 = Q(QZk—1 —E;- (Zf:i a%k—lj “qj — bzzk—1):
A2k — Bz - (Z?:i a5 — bZi), 1" i );
| 92 = Q(qax —E; - (Z?:i ai ;- 4; — b)),
\ Gar-1—Ez - (Z,Z'Qi 3k " 45 = bFica ) 1 Di)-

(21)

In (20) and (21), k = 1,n?, numerical parameters af;
and a,zq- are the elements of the compliance matrix of the
contacting bodies, b} and b? define the loading conditions at the
first and second stages respectively. The approximate solutions of
the systems in Eqs (20) and (21) are found using the iterative
method (Aleksandrov, 2015).

4. NUMERICAL RESULTS AND THEIR ANALYSIS

Numerical calculations are performed for the coefficient of
friction 4 = 0.5, Poisson’s ratio v = 0.3 and the dimensionless
quantities

_ X .y _ p(s) _ qx(s)
X=v =% p(S)=T, q,(s) = 7

_ qy(s) _ u,(s) _ u, (s)
qy(S) = E ' ux(s) = R’ uy(s) = R’
_ P _ A _ a, _

PZE'RZ’ AZE, alzf, T=a«a-T.

DOI 10.2478/ama-2021-0024

Fig. 2 shows the contact pressure p = p(x, 0) versus the
coordinate x when the approach of the bodies equals A = 2.7 -
10~* and the corresponding pressing force is P = 3.2 - 107°.
The solid line corresponds to the Hertz pressure distribution for an
axisymmetric normal contact (Johnson, 1985), and the circles
correspond to the numerical solution of Eq. (20) (the first loading
stage, T = 0).

As seen in Fig. 2, the numerical solution of the problem for the
first loading stage and the Hertz analytical solution agree very
closely.

To analyse the effect of thermomechanical slip on the contact
interaction parameters, numerical calculations are performed for
various values of temperature T at the fixed value of the pressing
force P = 3.2-107°,

0006 P
P
0,004 -
0,002
0 _
-0,0165 -0,00825 0 0,00825 b

Fig. 2. Contact pressure distribution

Fig. 3 shows the shear contact stress q, = q,(x, 0) versus
the coordinate X for various values of temperature T. The curves
have kinks at the points X = +a; corresponding to the ends of
stick zones. As temperature is increased, the absolute value of
the shear contact stress | g, (x,0)| increases and reaches its
maximum at the ends of stick zones. The curve | q_(x, 0)| within

the slip zones coincides with the curve p - p(x, 0), therefore the
shear stress is zero at the ends of the contact region. Within the
stick zone, the shear stress is less than pressure multiplied by the
coefficient of friction and is zero in the center of the contact region
(atx = 0).

0003 x —

0.0015———F— /

I

Ao,

-0,0165 000825 - 0,00825 x
< #
\/ el —T=0,0013
/ AN —-T=0,0026
00015 - T=0,0052
\ Pob ----T=0,0078
NG e T20,0130
\J\-.\l" ,
0,003

Fig. 3. Shear contact stress distribution
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Fig. 4 shows the relative shear displacements u, =
u,(x,0) of the contacting surfaces in the contact region versus

the coordinate x for various values of temperature T. The
horizontal sections lying on the axis Ox correspond to the stick
zones, and the curved sections correspond to the slip zones
where the relative shear displacements of the surfaces occur. The
relative shear displacements increase with increasing
temperature, and their maximum value is reached at the boundary
of the contact region.

0,0002— i,
— T=0,0013
— - T=0,0026
0,0001— {-- T=0,0052
N ----T=0,0078
D R T=0,0130
= == 0 <
-0,0165 -0,00825 0 .. 000825 "~ 70,0165
0,0001
0,0002
Fig. 4. Relative shear displacements of contacting surfaces versus
coordinate

Fig. 5 shows the approximate boundaries of the stick zones
calculated numerically for different values of temperature. Here,
T = 0 corresponds to the contact region at the first loading stage.
The contact region does not change at the second stage of
thermal loading. The perimeters of the regions with different
shades of gray correspond to boundaries of the circular stick
zones and annular slip zones which arise at different discrete

values of the heating temperature T of the lower half-space (from
T =0.0013t0 T = 0.013).

-0,0185 0 X
Fig. 5. Shape of stick zones

Fig. 6 shows the stick zone radius @, versus temperature T.
The circles correspond to the numerical results and the solid line

acta mechanica et automatica, vol.15 no.4 (2021)

corresponds to the fitting curve. The stick zone radius nonlinearly
depends on temperature and decreases monotonically with
temperature increasing. The obtained curve suggests that the
stick zone radius will asymptotically tend to zero as the
temperature tends to infinity, and the stick region itself will
contract to a point.

00165 ¢ @
0012375
000825
0004125 \\
0 | | B
0 00052 00104 00156 T

Fig. 6. Stick zone radius versus temperature

5. CONCLUSIONS

The problem for contact interaction between identically elastic
sphere and half-space has been formulated taking into account
partial thermomechanical frictional slip, which arises in the contact
region due to thermal expansion of the half-space.

Nonlinear boundary integral equations that describe the con-
tact interaction of the bodies at successive stages of mechanical
and thermal loading were obtained. To solve the equations nu-
merically, the method proposed by Aleksandrov (2015) was uti-
lised. It includes regularisation of the integral equations, discreti-
sation of the regularised equations and the use of an iterative
process to obtain an approximate solution of discrete analogs of
the regularised equations.

The effect of temperature of the half-space on the distribution
of contact stresses, the relative displacements of the contacting
surfaces, the dimensions of the stick and slip zones was studied.
It was revealed that an increase in temperature causes increases
in the shear contact stress and the relative shear displacements of
the contacting surfaces. The absolute values of the shear contact
stress reach their maximum at the boundaries of the stick zones.
The greatest value of the moduli of the relative shear displace-
ments are reached at the boundary of the contact region. The
stick zone radius decreases monotonically according to a nonline-
ar law with increasing temperature.

The obtained results can be useful for analysing different
types of failure, such as fretting fatigue, creep failure and crack
nucleation.
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