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Abstract: Heavy agricultural trailers can be equipped with a three-axle chassis with a tandem axle set at the rear and one mounted
on a turntable at the front. In such trailers, selection of the distribution of braking forces that meet the requirements of the EU Directive
2015/68, with regard to braking, largely depends on the type of tandem suspension used. The requirements for brake force distribution
in agricultural trailers of categories R3 and R4 are described. On this basis, a methodology for calculating the optimal linear distribution
of braking forces, characteristic of agricultural trailers with air braking systems, was developed. An analysis of the forces acting
on a 24-tonne three-axle trailer during braking was performed for five different suspensions of the rear tandem axle. An optimization algo-
rithm using the quasi Monte Carlo method was described, on the basis of which a computer program for selection of the linear distribution
of braking forces was developed. The calculations were made for an empty and loaded trailer with and without the weight
of the tandem suspension. The most uniform distribution of braking forces was obtained for two leaf spring with dynamic equalization
and air suspension, in which the ratio of the braking force of the tandem axle and the total braking force varied between 22.9% and 25.5%
for the different calculation variants. A large variation in the braking force distribution was achieved for the two leaf spring suspension,
in which the ratio of tandem axle braking force and the total braking force ranged from 2.7% to 6.4% for the leading axle and from 27.8%
to 36.2% for the trailing axle. The presented calculation methodology can be used in the initial phase of the design of air braking systems

for three-axle agricultural trailers.

Key words: agriculture trailer, tandem axle, air braking system, braking force distribution, optimization

1. INTRODUCTION

Heavy agricultural trailers with laden weights of about 25
tonnes can be designed as full three-axle trailers [26]. A full trailer
is typically towed via a single-point drawbar that is also used to
steer the front axle by rotating the front running gear [7]. At the
rear of the trailer is mounted a tandem axle set comprising two
axles spaced close to each other, usually from 1.2 m to 1.85 m [8,
13]. Tandem axles are used to increase the load-carrying capacity
of a vehicle and to distribute the load between both axles, inde-
pendent of the road surface roughness [18].

Tandem axle suspension may be grouped according to the
basic design [14, 18, 24]. In agricultural trailers, different types of
tandem axles are used, that is, walking beam, bogie (with single
inverted parabolic spring), two leaf spring, two leaf spring and
rods, two leaf spring with dynamic equalization and air suspension
[1, 3,29, 30]

In many types of tandem suspension for agricultural trailers,
the axle load is transferred through the load leveller or equalizer
beam used to balance the axle loads during normal operation with
the brakes not applied [25]. Unfortunately, some mechanisms that
are used to create good static load equalization have just the
opposite effect on the dynamic load transfer [13]. When braking in
vehicles with two leaf spring tandem suspension (two leaf spring
and rods), the sum of the front spring seat force is less than the
sum of the rear seat force, and the corresponding leading and
trailing axle loads are no longer equal [25]. This resulting action is

called the inter-axle load transfer [13, 25]. Transferring the load
between the axles causes the front axle to lock before the rear
axle is locked and has a negative effect on braking performance.
For example, in a truck equipped with two-elliptic leaf suspension
the dynamic load of the leading axle approaches zero for a decel-
eration of approximately 0.55 g [18]. The friction utilization dia-
gram indicates that the tandem rear axle is slightly braked while
the front axle is greatly underbraked. If lockup occurs on the
leading axle, then the directional stability is reduced. An additional
improvement can be achieved by changing the tandem axle de-
sign to include push rods. Then, the wheels unlocked deceleration
increases to 0.38 g from an original value of 0.25 g for an adhe-
sion coefficient of 0.6 [18]. The directional stability can be com-
pletely lost if lockup occurs on the trailing axle [13]. Another un-
wanted result of poor inter-axle load transfer is that the suspen-
sion can produce an under-damped mode. Occasionally, this can
result in a ‘tandem hoop’, which can cause a partial degradation of
the vehicle’s braking and handling performance [13]. The survey
results [11] showed that the semi-trailer with the air suspension
system can reduce the dynamic load coefficient from 14.8% to
29.3%, in comparison with the semi-trailer using the leaf spring
suspension system.

Since 2016, EU agricultural vehicle legislation [6] has required
agricultural trailers to achieve the same braking performance as
commercial vehicle trailers (min. 50% braking efficiency for vehi-
cles operating above 30 km/h). In addition, for agricultural trailers
with a total mass of more than 3,500 kg (categories R3 and R4)
and moving at a speed of more than 40 km/h, a specific distribu-
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tion of braking forces between the axles of the vehicle is required.
The braking efficiency has a direct influence on the vehicle brak-
ing distance and the vehicle’s travelling direction stability in any
road condition [28]. The adoption of the new European legislation
in the field of agricultural vehicles places a high demand on the
manufacturers of agricultural trailers, tractors and machinery in
terms of braking systems [9].

The design process of a new brake system begins with the se-
lection of the brake force distribution [21]. Generally, for the cor-
rect design of a vehicular brake system, it is essential that the
ideal brake force distribution among the individual axles be known
for empty and loaded vehicles [19]. In the case of two-axle vehi-
cles, the relationships are simple and can be given in terms of
either the vehicle deceleration or the rear axle brake force as a
function of the front axle brake force [10]. Advanced optimization
methods and strategies for selecting the distribution of braking
forces are constantly being developed for passenger cars [10, 27,
34] and trucks [28, 35].

An analytical method of calculation of the brake force distribu-
tion in two-axle agricultural trailers was described in [16 and 20].
For a three-axle trailer, however, the analysis is more complex as
the middle and rear axle loads are functions of the loading as well
as the type and the geometry of the tandem axle suspension [18].
Therefore, even for three-axle vehicles with the simplest tandem
suspensions, like walking beam and bogie [16] or two-elliptic leaf
spring suspension [28], optimization methods are used to calcu-
late and select the braking force distribution.

This paper is the result of a demand by agricultural machinery
companies for new solutions for the calculation of the braking
force distribution in three-axle trailers with different types of tan-
dem suspension, filling a gap in the research. The quasi Monte
Carlo method was used to search for an optimal linear force dis-
tribution, which is mostly used in the air brake system of trailers.

The rest of the paper is organized as follows: in section 2, the
requirements of the braking force distribution of three-axle trailers
are described; in section 3, the analysis of forces acting during
braking on a three-axle trailer with different types of tandem sus-
pension is presented; in section 4, the quasi Monte Carlo method
and the algorithm of linear brake force distribution are described.
The results of the optimization calculation for the different tandem
axles are analysed and discussed in section 5. Finally, the sum-
mary and conclusions are drawn in section 6.

The results of the paper are expected to provide a reference
for designing and evaluating the braking system of three-axle
agricultural trailers and improving their braking performance.

2. REQUIREMENTS FOR BRAKING PERFORMANCE
AND BRAKE FORCE DISTRIBUTION
FOR THREE-AXLE TRAILER

When choosing the distribution of braking force between vehi-
cle axles, an ideal distribution should be sought. The ideal braking
condition is achieved when each axle and each axle assembly
has the same rate of utilized adhesion, which is equal to the brak-
ing rate z of the vehicle. For a three-axle trailer with tandem axle
at the rear, this condition can be written as follows:

fi=fh=fi=z = D27y (1)

R1+X Ry
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where T+, and Ry are the braking force and normal reactions of the
road surface on the wheels of the front axle, T2 and Rz are the
braking forces and normal reactions of the road surface on the
wheels of the rear tandem axle, and i is the axle number in the
rear axle assembly.

The adhesion utilization rates used by the front axle and rear
axle assembly are calculated based on the following relationship:
fi=p f, = 2t 2

With the braking distribution at the ideal level, the straight line
stopping distance is minimized as a result of each axle reaching

its maximum braking force capability [23], and the braking effi-
ciency requirements are met with reserve (Tab. 1).

Tab. 1. The required service braking efficiency
for towed agricultural vehicles [6]

Braking rate z [%)] at p = 6.5 bar
Vehicle
category v<30 kmlh v>30 km/h
Trailers R2,
R3,Ré4 and >35% >50%
towed ma-
chines S2

Due to trailer load variations, it is practically impossible to
achieve an ideal brake distribution, even when using braking force
regulators. Therefore, for agricultural vehicles with speed above
40 km/h, the allowable limits for derogation of the adhesion utiliza-
tion rates for individual axles against the ideal distribution have
been determined. In the considerations regarding the distribution
of brake forces, each part of a tractor-trailer unit is treated as a
single vehicle, without taking into account the force in the cou-
pling. From 2016, two solutions have been allowed, as shown in
Fig. 1 [6].

The first solution: the adhesion utilization rate for each axle
assembly must meet the condition of ensuring the minimum re-
quired braking performance as:

7+0.07
fiz s

0.85
and the condition of previous locking of the front axle wheels to
ensure directional stability as:

fi>z>f, when 0.15 <z <0.30 (4)

when 0.1<z<0.61 (3)

The second solution: the adhesion utilization rates by the ax-
les should be within a given band, and then the limits of wheel
locking are determined by the following relationships:

fi=2z—0.08

fi, <7+008 when 0.15 <z <0.30 (5)
1,2 = .

In addition, the adhesion utilization curve for the rear axle as-
sembly should fulfill the condition:

fos

For precise calculations, the divisor in the inequality (6) should
be set as 0.7381.

z—0.02
0.74

when 0.30 <z <0.61 (6)
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Fig. 1. Limit values of adhesion utilization in accordance with the Commission Delegated Regulation (EU) 2015/68 [6]:

(a) —first solution, (b) — second solution

The wheel-lock sequence requirements are regarded as met
if the adhesion utilized by the front axle is greater than that utilized
by at least one of the rear axles at braking rates between 0.15
and 0.30 [6]:

fi> fo foranyi )

3. BRAKING OF THREE-AXLE TRAILER

For analysis of the brake force distribution, a rigid two-
dimensional trailer model is proposed. In this model a suspension
system with a different type and geometry of tandem axle is used.
The forces acting on a decelerating three-axle agricultural trailer
with tandem suspension are illustrated in Fig. 2. For simplicity, it is
assumed that aerodynamic and rolling resistances are omitted.

z-G

A
. 2

Fig. 2. Forces acting on a three-axle trailer with tandem suspension
(ISO coordinate system [15])

The forces T4, T2 and T2 which induce braking deceleration
are obtained from the axle brake force and are considered to be
known functions of the brake line pressure [4, 6]. Using the nota-
tion from Fig. 2, the equations of force and moment equilibrium
are given as:

2X=2G-T1 =Ty — Ty, =0 (8)
ZZ=R1+R21+R22_G=O (9)

ZM]_=R21L1+R22(L1+L2)_G'a+Z'G'h=0 (10)

where T4, T21 and T2z are the brake forces, R1, Rz1 and Raz are the
axle loads, L1 is the inter-axle spacing, L. is the tandem axle
spread, a is the distance from the centre of gravity to the front
axle, h is the centre of gravity height, G is the trailer weight and z
is the braking rate.

To determine the vertical reactions, the system of Egs. (8)-
(10) should be supplemented with an additional relationship be-
tween reactions Rz2r and Rz, which depends on the type and
parameters of the tandem axle suspension.

3.1. Walking beam and bogie suspension

The simplest form of tandem axle suspension is a walking
beam [1] located on either side of the vehicle (Fig. 3a). The walk-
ing beams are pivotally mounted onto the hanger of the trailer
frame at a location intermediate between the forward and rear
axles. The tandem axles may be rigidly attached to the ends of
the walking beam using, for example, a U-bolt. In the bogie sus-
pension, instead of walking beams, parabolic tapered springs are
mounted upside down to the frame (Fig. 3b). The springs are
anchored to the trailer frame by a cradle and U-bolts to allow for
motion between the two axles [3].

The forces acting on the walking beam and bogie suspension
are shown in Fig. 3.

Both tandem suspensions can be described by the same set
of force and moment equilibrium equations as:

ZX:Z'GZ_T21_T22+T2:O
ZZ:R21+R22_R2_GZ=O

YM; = Rypd; — Ryidy + Goby, — 2 Gyp(hg — hy) +
(Tz1 + Ty2)hs =0 (13)

where T2 and R: are the horizontal and vertical reaction forces in
the single-point support between the suspension and trailer frame,
d1 and d- are the beam (parabolic spring) lengths, hs is the height
of the support position, b2 is the distance of the centre of un-
sprung weight from a support, hz is the height of the centre of
unsprung weight and Gz is the unsprung weight.
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Fig. 3. Forces acting on a (a) walking beam and (b) bogie suspension

By solving the system of Egs. (9), (10) and (13) together, tak-
ing into account from Eq. (8) that T,y + T,, = z-G — Ty, the
dynamic axle loads during braking on a three-axle trailer are
obtained as:
hg—hy

M=o (1t o) - (Bt

)=z 6-T)%
(14)

o= (1= )t 2 e (- 252

L)L, Ly L
hs
(G- T (15
—cf(t_, "M\ _ L1 by _  hs—hy
RZZ_G(L ZL)L2 Ly GZ(L 277 )+
hs
(z:G— T1)f (16)

where L, = d,; + d, is the tandem wheelbase and L = L; + d;
is the trailer wheelbase.

By omitting the unsprung weight G2, Egs. (14)—(16) can be
simplified and presented in a slightly different form [16].

3.2.Two leaf spring suspension

In two leaf spring tandem suspension, the two types of springs
most commonly available are the double eye leaf spring and the
slipper spring. In agricultural trailers the second type is more
popular [1, 3, 29]. Slipper springs have an eye formed at one end
only, with the other end formed into a reverse curve. The front eye
of the leading and trailing spring is pivotally attached directly to
the front hanger and equalizer beam, respectively, with pin joints

192

(Fig. 4). The rear end of the springs is captured in the equalizer
beam or rear hanger.

The forces acting on the two leaf spring suspension with two
unsprung weights are shown in Fig. 4.

c di dy c
c1 C2 C1 Cc2
- i * R
T — L T4 —_
Ts z-Gn A z*G23
R — .. —_ —_——
hy 3 Gz JR3 R4 G2 R ha
T, T2
Ras R
L L2

4

Fig. 4. Forces acting on a two leaf spring suspension

For the unsprung weight Gz1, the following force and moment
equilibrium equations are applicable:

XX=2'Gy—Tp+T3=0 (7
2Z = Ry1 —R3—R3; — G5 =0 (18)
YM; = —R3;¢ + Ry1¢y — Go16 — 2 Gpy (hy — hy) +

Ty hs =0 (19)

The equations of force and moment equilibrium for the un-
sprung weight of the Gz2 suspension are written as:

ZX =Z" GZZ_TZZ + T4 = 0 (20)
YZ =Ry —R4—R4y — Gy =0 (21)
XMy = Ryp¢ — Rypcy + Gypcy — Z 2 Gop(hg — hy) +

TZZhS = 0 (22)

From Egs. (19) and (22), the reactions acting on the ends
of the equalizer beam are determined as:

hs—h;

hs
R3; = (Ry; — 621)%1 —2zGyy + T21? (23)

R3; = [(Ry1 — Ga1)cy — Z - Gpy(hs — hy) + Tayhg]/c
hs—hy

Riz = (Ryz — G33) C?z + 2z Gy, — T % (24)
Ryy = [(Ryz — Gap)cy + 2+ Gop(hy — hy) — Thohgl/c

After substituting the expressions (23) and (24) into the equi-
librium equation of force moments acting on the equalizer beam:

R32d1 = R42d2 (25)

A new relationship is obtained which, together with Egs. (9)
and (10), creates a system of three equations enabling the deter-
mination of the dynamic axle loads during braking of the trailer:

R1= —%{G(a—Z'h)M+G21d1[C1+
z(hs — hy)] = Gypdy[c; — z(hs — hy)] — (T1dy +
Ty2d;)hs ) (26)
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Li+L d
R21 - :ILV‘I'—NZ {G(a —Z" h) L12+CL22 + GZldl[Cl +
z(hs — hy)] — Gypdy[c, — z(hs — hy)] — (T21dy +
Ty2d;)hy) (27)
L d
RZZ = ﬁ{c(a —Z" h) Cill - GZldl[Cl + Z(hs - hz)] +
Gaadaley — z(hy — h)] + (Tyydy + Typdy)hy) (28)

Where MN = Czdle + Cldl(Ll + Lz)
3.3.Two leaf-two rod suspension

A different version of the tandem axle configuration uses two
springs with slipper-type ends only. Vertical forces are transmitted
into the trailer frame by the front and rear hanger brackets and
pivoted equalizer beam [1, 3, 29]. Longitudinal forces are transmit-
ted by connecting the radius rods between the axles and front and
centre hanger bracket, respectively (Fig. 5).

C d1 dz C
S ca T 2
r:| |« e
Rs g R4
z-Ga)
a1\ T; '1(}21
hy | | en
T2
Rai
L, L2

Fig. 5. Forces acting on a two leaf-two rod suspension

The parameters a1 and a2 as well as hn and hr have a signifi-
cant impact on the suspension’s operation. This design uses a
decreased radius rod angle a2 and a reduction in pivot height hr
at the rear axle to reduce inter-axle load transfer during braking
[25].

The following force and moment equilibrium equations for un-
sprung weights Gz1 and Gz are applicable:

ZX:Z'621_T21+T3COSQ1=O (29)
ZZ = R21 + T3 Sln al - R3_R32 - G21 = 0 (30)
YM3 = —R35¢ + Ry1¢1 — Gai¢1 — z* Gpy (s — hy) +
Ty,1hg — Ty cosay (hy — hypq) + Ty sinay (¢; — ¢pq1) (31)
YX=2"Gyy — Ty +Tycosa, =0 (32)
YY =Ry, +T,sina, —R,—Ry, — G5, =0 (33)
XMy = Ryp¢ — RppCy + Gapcy — 22 Gop(hg — hy) +
Ty hg — Ty cosay (hy — hyp) — Ty sina, (¢ + ¢pp) (34)
From Egs. (31) and (34), the reaction forces acting on the
ends of the equalising beam are determined as:

c hyi—h h
R32=(R21_Gz1)71—Z'Gz1 Tlc 2"‘7‘21%14‘

(Tz1 —z - Gyy) tanay % (35)

acta mechanica et automatica, vol. 16 no.3 (2022)

hra=h;

Riz = (Rpz = Gp2) 2+ 2+ Gy — Ty "2+

(Ty2 — 7 Gpp) tan @, 212 (36)
which are interrelated by the equation of moments of forces:
Rs,d; = R,,d, (37)

Solving Egs. (9), (10) and (35)—(37) together, the trailer axle
loads are obtained as:

Ri=6-2{Gla-z- h)%+ Gyrdy[cy +

z(hy1 — hp)] = Gaady[c; — z(hyy — hy)] — (To1dihyy +

Tydshy5) + ED} (38)

Ry = L;:Ijz {G(a -z h)% + Gyidqlc, +

z(hyy — hp)] = Gyodzlcy — z(hyy — ho)] — (To1d1hyy +

Tydshy) + ED} (39)
c1dq

Ry, = %{G(a -z h)T — Gpdy[cy + z(hyy — hp)] +

Gpady[c; — z(hyy — hy)] + (T1dihyy + Topdyhyy) — ED}
(40)
Where. MN = d2L1C2 + Cldl(Ll + Lz)

ED = (Tz; — 2 Gyz) tanay dy (¢ + ¢p2) —
(Ty1 — 2+ Gyy) tanaydy (¢4 — ¢r1)

Egs. (38)—(40) simplify significantly if a1 = a2 = 0, because
then ED = 0.

3.4.Two leaf spring with equalization

A tandem two leaf spring suspension with equalization [18]
has two slipper springs and mechanical braking load compensa-
tion (Fig. 6). The rear end of the front spring is connected to the
rear end of the rear spring by a rocker arm pivotally connected to
a centre hanger bracket. This rocker arm ensures that static (and
impact) loads are equally distributed between the two axles. An-
other design solution for a non-reactive tandem suspension with a
bell crank lever and rod linkage is described in [14]. The forces
acting on the two leaf spring suspension with equalization are
shown in Fig. 6.

Ci1 C2 C1 Cc2

Fig. 6. Forces acting on two leaf spring suspension with equalization
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The equations of force and moment equilibrium for the un-
sprung weights Gz1 and Gz of suspension are written as:

ZX:Z'621_T21+T3=0 (41)
YZ =Ry —R3—R43— G =0 (42)
Y M3 = —Rs3¢ + Ry1¢1 — Gai¢1 — z° Goq (s — hy) +

Ty hg =0 (43)
ZX =Z" GZZ_TZZ + TZ = 0 (44)
YZ =Ry —Ry—Ryuy — G, =0 (45)
XMy = —Rypc + Rppcy — Gopcy — Z 2 Gop(hy — hy) +

T,ohs =0 (46)

From Eqgs. (43) and (47), the reaction forces acting on the
ends of the equalizing beam are calculated as:

hs—hy

hg
Ru3 = (R — 621)% -z Gy + Ty - (47)

hs—hs
c

hs
Ry = (Ryz — Gzz)%L — 2z Gy + T2 (48)
which are related by the equilibrium of moments equation:
Ry3dy = Rypd; (49)

By solving the system of Egs. (9), (10), (47)-(49), the dynamic
axle loads are obtained during braking the trailer as:

Rl = %I:G(L —-—a+z- h) - (621d1 - Gzzdz) (1 +

Z—hs_hz) + (Tz1dy — Tpzd3) ) (50)
(51 C1
Ry = = [G(a —z-h) Ly (G1dy — Gy2d3) Ltz (1 +
L Ly Ly
hs—h Li+L hs
ZRI2) — B (T, dy — Typdy) ™ (51)

1 d L
Ry, = 7 [G(a —Z- h)L_: = (Gy1dy — Gzzdz)i(l +
hs—h L hs
= 2) + i(T21d1 - Tzzdz)a] (52)

Where Lz = dl + dz and L= L1 + d1
3.5.Air suspension

In the air suspension the air springs are mounted onto the
trailing arms via a cross-member and attached to the frame on the
top (Fig. 7). The trailing arms mount pivotally to the hanger brack-
ets and axle housings. All the air bags are connected with one
another through air pipes to balance the axle loads. The vertical
forces are distributed across the hanger brackets and air bags.
Longitudinal forces due to braking are applied to the trailer frame
through the hanger brackets.

The equilibrium equations of the forces and moments acting
on the suspension with unsprung weights Gzr and G2z are ex-
pressed as follows:

YX =2 Gyy—Tyy + T,—=0 (53)
2Z = Ry1=R;=R3 — G5, =0 (54)
XMs = —R3¢ 4 Ry1¢1 — Gp1¢61 — 2 Gay(hy — hp) +

Ty1hs =0 (%9)
XX =2Gyp—Ty +T,—=0 (56)
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YZ =Ry —R4—Rs— Gy, =0 (67)
XMy = —Rsc + Rpp¢y = Gy61 — 2 Gy (hs — hp) +
Tyohs = 0 (58)
c c
C1 C2 C1 C2
5 -Gy 1) z-G2y \ Rs]
1 . R')_ W S - —" — g — |
1 G R4 Gz hy
T, T2
Ra Rz
Ia L2

Fig. 7. Forces acting on air tandem suspension

Assuming that the pressure in the airbags is the same, the
vertical reactions transmitted by the air springs are equal (R; =
R:). Then from Egs. (55) and (58), at (G5, = G,5), the relation-
ship between the tandem axle loads is obtained as:

Ry1¢1 + To1hg = Rypcq + Tozhg (59)

Solving the system of Egs. (9), (10) and (59), the trailer axle
loads are obtained as:

h L R
R1=G(1—%+zz)+i(T21—T22)C—1 (60)
1 R\  Li+L R
Ry =36 (§=77) =2 (Tyy — T0) 2 (61)
Sle(G MYt o yhs
Rzz—zG(L ZL)+2L(T21 T52) o (62)

where L =L, + L,/2.

4. METHOD OF SELECTION OF LINEAR BRAKE FORCE
DISTRIBUTION

In compressed air brake systems of agricultural vehicles,
different types of load-dependent brake force regulators are used
to achieve an approximation of an ideal brake force distribution.
The automatic load sensing valves (LSV) currently mounted on
heavy trailers have the task of adjusting the braking pressure on
an axle (or possibly several axles) relative to the respective load
status [32]. With properly designed braking forces, this prevents
locking of the wheels when the vehicle is unladen or partially
laden. In mechanically suspended trailers, the regulation is rela-
tive to the spring deflection. In air-suspended axles, the braking
pressure of the pneumatic brake cylinders is dependent on the
control pressure of the air springs.

As the pressure distribution characteristic of the load sensing
valve is all substantially a straight line, the distribution of braking
forces between the front and rear axles can also be considered as
linear (radial).
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A direction coefficient of the brake force distribution line pass-
ing through the origin of coordinate system T2r=f(T4) is calculated
as the braking force ratio:

Ty1+T: T
ip= 217722 _ 72T (63)
Ty T;

where Taris the total braking force of the tandem axles.

Similarly, a linear distribution of braking forces, variable or
fixed (in the absence of a regulator of braking forces), can be
applied to the tandem axle unit as:
is = % (64)

Using the relations (8), (63) and (64), the braking forces can
be described by a parametric equation with the braking rate z as a
variable:

1
Tor =Tor oo

Tyy = Tor —2 (65)

2T 1+ig

The values of the ip and is ratios can theoretically change in a
very wide range from zero to infinity; extreme values are achieved
if the braking force of one of the axles is equal to zero. Therefore,
the braking force distribution coefficients were used to represent
the participation of each axle’s braking force (braking force distri-
bution proportion), and defined as the ratio of the braking force of
the individual axle to the total braking force of the trailer. Namely:
= ﬁ21::2_1 ﬁzzz% (66)

zG G zG

Ty

ﬂ1:Z,_ B

G

The values of these coefficients can theoretically change from
0 to 1, and in addition, the following relations are fulfilled:

Br+B=1 B21 + B2z = B2 (67)

Using relations (66) and (67), the braking force of a single axle
and tandem axle unit can be calculated as:

T,=pz-G Tor =(1 =Pz G Ty =1z G
Ty, = =B —Br1)z- G (68)

In order to find the optimal solutions for the linear braking
force distribution, the Monte Carlo method [5, 17, 22] was used to
search for an acceptable range of variability of the 51 and a1
coefficients. An example block diagram of the algorithm for opti-
mal selection of the braking force distribution coefficients is shown
in Fig. 8.

The optimum values of the braking force distribution coeffi-
cients are determined in the process of minimizing the objective
function consisting of the residual sum of squares:

OF = w1(fi—f2)2 4wz (fo1—f22)? (69)

wi1+wy

where w; are the weighting factors.

The objective function formulated in this way prefers solutions
with the smallest differences between the values of adhesion f;
utilized by individual axles. Since to meet the requirements (3)-
(6), it is more important to reduce the difference between adhe-
sion values fi of the front axle and 2 of the rear axle assembly
than to reduce the difference between values of adhesion f1 and
f utilized by the rear axles, therefore wi>w2 should be taken in
the OF criterion.

Before calculating the objective function, the inequality con-
straints (3), (4) for the first solution or (5), (6) for the second solu-
tion are checked:

[P fi=pepiom f=lEope )

R21+R22
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=" Read the lraler data. G, L, Lo, a,h ="
'

Read the tandem axle data:
Gz, di1,dz, bz, ha, hs,

Calculate limit value of adhesion utilization
coefficients: fyup, fydoun foup

!

Calculate parameters for optimization:
Ng=40000, Ngocs=0, Npeer=0, OFs=1e5
I

¢

Calculate random values of
Nzz=rand(0,1), N1=rand(0,1),
B22=0.99999-N22, B1=(1-B22) N1, B21=1-f1-pz2

!

Procedure for calculating
coefficients: fi, f21, fz, f2

Wnte optimal values of
Bch:‘ B?WOP:. Bzzop'

|Calcu|ate optimal values of: ip%, 5% I

Procedure for calculating
coefficients: fw a, f22, f2

Create a graph fi(. z)
21(2), f22(z), folz]

No
fi2fidownand fi<fiwe

f12fy or fi2fz
for 0.16<z=0.30

Yes
fx<f2ur for z<0.61

| Calculate objective function: OF |

Nioetter=Noeter+1, OFs=0F, pro¥ =P,
Ba1oP'= Pa1, BaodP =1-1o0" PP

Fig. 8. Block diagram of an algorithm for the optimization of brake forces
of a three-axle trailer using the Monte Carlo method (OFs — initial
value of the objective function, Ny — number of draws,

Ngood — number of good solutions, meeting inequality constraints,
Nbetier — nUmber of better solutions, reducing the value
of the objective function)

In order to simplify the notation of borderline equations, they
have been presented as the product of the algebraic and logical
expressions. For the first solution:

faowm = z-(0.15 < z < 0.30) (M)

% =" = (z+0.07)/0.85- (0.10 < z < 0.61)  (72)
For the second solution:

fown = (7 —0.08) - (0.15 < z < 0.30) (73)

FU = (z+0.08) - (0.15 < z < 0.30) (74)
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up __ i z—0.3 .
£ = (z+0.08) - (0.15 < z < 0.30) + (0_7381 + 0.36)
(0.3<2z<0.61) (75)

Then condition (7) for multi-axle vehicles is checked:
f1 > f21 or f1 > fzz fOF zZ = 0.15 - 0.30 (76)

In addition, an extra condition is adopted for the adhesion uti-
lized rates of the rear axle:

foi < f, 7 for z<0.61 (77)

which in fact limits excessive increase of the coefficient fo for
z<0.61.

5. RESULTS OF OPTIMIZATION CALCULATIONS

Based on the algorithm described above, a computer program
was developed in the MATLAB environment [31] to calculate the
optimal distribution of braking forces for three-axle trailers with
tandem rear axle suspension. The MATLAB algorithm of the
Hammersley sequence [12] from Burkardt [2] was used to gener-
ate quasi-random numbers N2z and N1 (Fig. 8). The Hammersley

Tab. 2. Trailer and tandem suspension technical data [1, 3]

Point Set in two dimensions is one of the simplest low discrepancy
sequences and has been used in numerical and graphics applica-
tions, with a significant improvement in terms of error [33].

The technical data of the laden and unladen trailer as well as
the data of tandem suspensions adopted for optimization calcula-
tions are presented in Tab. 2. To ensure comparability of the
calculation results, the same mass m. = 1,700 kg was used for all
types of suspension and some geometrical parameters of sus-
pensions obtained based on the literature data [1, 3] were unified.
Changes in some suspension dimensions for laden and unladen
weight were also omitted.

The results of calculation of the braking force distribution for
the laden and unladen trailer are presented in Tabs. 3 and 4. The
number of draws was set as Na= 40,000. The objective functions
(69) were calculated in the range of 0.1 < z < 0.66 with a step size
of 0.01 for the following values of weighting factors w1 = 0.6 and
w2=0.4.

For most types of tandem suspension, the same values of the
optimal braking force distribution ratios were obtained (Tab. 3),
applying both solutions described in section 2. The values after
the dash are obtained taking into account the weight of the tan-
dem suspension.

Trailer Tandem suspension
Bogie Two leaf spring | Two leaf two rod Two leaf equal. Air susp.

Unladen I:"ade“ | (3.1) (3.3) (3.4) (3.5)
m=17,700 kg m = 24,000 kg d1=0.705m c1=0454m c1=0497m c1=0.454m c1=05m
L1=435m L1=435m 02=0.645m c=0.93m c=097m ¢=093m c=0.88m
[2=135m [2=135m hs=0.567 m hs=0.717m hr=hn=0467m hs=0.717m hs=0.717m
a=311m a=3.04m h2=0.547m h2=0.567 m h2=0.567 m h2=0.567 m h2=0.567 m
h=119m h=157m b2=0.03m di=d2=021m d1=d2=0.19m d1=0d2=0.675m

ar1= ap=15°

Tab. 3. The results of the optimization of brake force distribution in a three-axle trailer for suspension described in sections 3.1 and 3.3—-3.5
(L —laden, U — unladen, Lw, Uw — laden and unladen with weight of suspension)

Suspension OF B B21 B22 ip is
Bogie (3.1) U-Uy | 0.2051-0.2049 | 0.4755-0.4758 | 0.3563-0.3608 | 0.1682-0.1634 | 1.1031-1.1018 | 0.4722-0.4530
L-Lw | 0.2638-0.2631 | 0.5359-0.5298 | 0.3167-0.3264 | 0.1473-0.1438 | 0.8659-0.8876 | 0.4651-0.4406
2leaf 2 1od (33) U-Us | 0.2831-0.3681 | 0.5311-0.5364 | 0.1316-0.1162 | 0.3373-0.3475 | 0.8827-0.8645 | 2.5632-2.9910
L-Lw | 0.3708-0.3989 | 0.5888-0.5849 | 0.1141-0.1085 | 0.2971-0.3067 | 0.6982-0.7098 | 2.6041-2.8276
2 leat equal. (34) U-Uy | 0.0585-0.0707 | 0.4881-0.4983 | 0.2553-0.2548 | 0.2565-0.2469 | 1.0486-1.0068 | 1.0046-0.9692
L-Lw | 0.1016-0.1082 | 0.5413-0.5413 | 0.2296-0.2296 | 0.2291-0.2291 | 0.8473-0.8473 | 0.9981-0.9981
air susp. (3.5) U-Uw | 0.0585-0,0585 | 0.4881-0,4881 | 0.2553-0.2553 | 0.2565-0.2565 | 1.0486-1.0486 | 1.0046-1.0046
L-Lw | 0.1016-0.1016 | 0.5413-0.5413 | 0.2296-0.2296 | 0.2291-0.2291 | 0.8473-0.8473 | 0.9981-0.9981

Tab. 4. The results of the optimization of brake force distribution in a three-axle trailer for two leaf spring suspension described in section 3.2

(L-laden, U-unladen, Lw, Uw - laden and unladen with weight of suspension)

Solution OF B B21 B22 ip is
| U-Uy | 1.3757-1.0286 | 0.6269-0.5973 | 0.0573-0.0641 | 0.3158-0.3386 | 0.5952-0.6743 | 5.5072-5.2780
L-Lw 1.4814-1.3513 | 0.6734-0.6542 | 0.0484-0.0452 | 0.2782-0.3006 | 0.4850-0.5285 | 5.7452-6.6487
I U-Uy | 15155-1.0286 | 0.6009-0.5973 | 0.0371-0.0641 | 0.3620-0.3386 | 0.6641-0.6743 | 9.7537-5.2780
L-Lw 1.7692-1.4772 | 0.6426-0.6417 | 0.0267-0.0363 | 0.3308-0.3220 | 0.5563-0.5583 | 12.401-8.8715
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Slightly different values of the optimal coefficients of the brak-
ing force distribution for the first and second solutions were ob-
tained for the two leaf spring suspension (section 3.2) and there-
fore they are presented separately in Tab. 4.

Based on the calculation results of the 1, B21, B21, ip and is ra-
tios presented in Tabs. 3 and 4, it can be seen that the distribution
of the braking forces in a three-axle trailer significantly depends
on the trailer loading and tandem suspension used in it.

The air suspension (section 3.5) and two leaf spring suspen-
sion with equalization (section 3.4) can be considered as the best
in terms of the optimization criterion used (lowest OF value).

The trailer with these suspensions has a uniform distribution
of braking forces, close to the ideal one, at which the value of
coefficient 1 is about 50%, the values of coefficients B21 and S22
are about 25%, and values of the ip and is coefficients are about
1. Greater values of the objective function OF were obtained for
the bogie suspension (section 3.1) and even greater for the two
leaf—two rod suspension (section 3.3). Nevertheless, for all these
suspensions, the same values of calculated parameters of the
braking force distribution were obtained, regardless of the applied

0 0.2 0.4 0.6 0.8

z
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solution. However, this does not apply to the suspension (3.2),
which, due to the calculated values of the objective function,
differs significantly from the others.

The results of calculating the brake force distribution coeffi-
cients for two leaf spring suspension indicate a large variation in
the distribution of the braking forces of tandem axles, where the
B21 coefficient of the leading axle is only about 2.7—-6.4%. This
may cause wheel lock on this axle according to the literature [13,
18]. An example of the course of the adhesion utilization rates fi(z)
through the axles for an optimal distribution of brake forces for an
unladen and a laden trailer with two leaf spring tandem suspen-
sion is shown in Fig. 9a and c. The adhesion utilization curve f21 of
the leading tandem axle tends to infinity for z > 0.7 in the case of
the unladen trailer (Fig. 9a) and for z > 0.65 in the case of the
laden trailer (Fig. 9c) due to wheel separation from the road sur-
face (R21 = 0). Meanwhile, for a trailer with air suspension of
tandem axles, the adhesion utilization curves f1, f22 and f; almost
match for both the unladen (Fig. 9b) and laden trailers (Fig. 9d),
which means that the coefficients of the adhesion utilization of
both tandem axles are the same.

b)

0 0.2 0.4 0.6 0.8
z

Fig. 9. The runs fi(z) for an optimal distribution of brake forces in a three- axle trailer (disregarding the weight of the tandem suspension): (a) — an unladen
trailer with two leaf spring tandem suspension (I solution), B21 = 5.7%, B22= 31.6%; (c) — a laden trailer with two spring tandem suspension
(I'solution), B21=2.7%, B22= 33.1%; (b) — an unladen trailer with air tandem suspension, f21=22.5%, B22= 25.6%; (d) — a laden trailer

with air tandem suspension (1l solution), B21= 23%, B22=22.9%

Comparing the calculation results obtained without and with
the weight of the tandem suspension, it can be concluded that, in
the case of suspensions 3.1, 3.4 and 3.5, the influence of this
weight on the distribution of braking forces is negligible. The
differences in the values of the braking force distribution coeffi-
cients do not exceed 1%. However, in the case of suspension 3.3,
the differences in the calculated values of the is coefficient
amount to approximately 16.7%, and in the case of suspension
3.2, even up to 46%.

6. SUMMARY AND CONCLUSIONS

The described method of optimizing the selection of the linear
distribution of the braking forces of heavy three-axle agricultural
trailers with various types of rear tandem axles can be used in the
design of air braking systems, in which braking force correctors
with radial characteristics were applied. The calculations of the
braking force distribution took into account the requirements of the
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EU Directive 2015/68 [6] in terms of braking performance and
stability.

Optimization calculations made with the Monte Carlo method
for a three-axle trailer with a load capacity of about 16 tonnes
showed that the distribution of the braking forces significantly
depends on the type of tandem suspension of the rear axles. The
lowest values of the minimized objective function were achieved
with the use of tandem axles with air suspension and two leaf
spring suspension with equalization. For these two tandem sus-
pensions, the adhesion utilization rates for individual axles are
closest to the straight line illustrating the ideal distribution of brak-
ing forces, in which the adhesion utilized by each axle is the same
and equal to the braking rate. The values for the B2i ratios of the
individual tandem axle and the total braking force of trailer are
equalised and range from approximately 22.9% to 25.5% for the
various calculation variants (I and Il solution, laden and unladen
trailer, without and with unsprung weight). The highest values of
the objective function were obtained for the two leaf spring tan-
dem suspension. For this suspension, the 21 ratio of the leading
axle ranges from 2.7% to 6.4% and the B22 ratio of the trailing
axle from 27.8% to 36.2%. Moreover, the calculations showed that
the load transfer between the axles of this tandem suspension can
lead to premature blocking of the leading axle wheels at braking
ratios above 0.65. The results of the calculations are qualitatively
consistent with the findings presented in [13, 18].

From the optimization calculation results obtained without and
with the weight of the tandem suspension, it can be concluded
that in the case of suspensions 3.1, 3.4 and 3.5, the influence of
this weight on the distribution of braking forces is negligible.
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NOMENCLATURE

i — tandem axle index (i=1, leading axle; i=2 , trailing axle)

a - distance from the centre of gravity to front axle [m]

bz - distance of centre of unsprung weight from a support [m]
c - leaf spring length [m]

c1, ¢2 — leaf spring arm length [m]

cri— i-th distance from rod pivot to centre of axle [m]

d1, d2 — beam (parabolic spring) length, equalizer beam length [m]
f1, f2 — adhesion utilization rate of front and rear axle assembly
G - trailer weight [N]

G2 - unsprung weight of beam (parabolic spring) [N]
Gai—unsprung weight of i-th tandem axle [N]

h - centre of gravity height [m]

hs — height of support position [m]

hz2 — height of centre of unsprung weight [m]

hri — i-th rod pivot height [m]

ip— braking force ratio

is — tandem braking force ratio

L1 - inter-axle spacing [m]

L2 - tandem axle spread [m]

R1 — front axle load [N]

Rai - i-th tandem axle load [N]

T1 — front axle braking force [N]

T2i — i-th braking force of tandem axle [N]

Z - braking rate of trailer [-]

ai— i-th rod angle []

1 — ratio of front axle to total braking force

B2 - ratio of tandem axle to total braking force

fB2i — ratio of i-th tandem axle to total braking force
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