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Abstract: This article presents simulation models of trailer air brake systems in configurations without a valve and with a differential valve, 
thus demonstrating the rationale for using a valve to improve system performance. Simplified mathematical models using the lumped 
method for systems without and with a differential valve are presented. The proposed valve can have two states of operation depending on 
the configuration of relevant parameters. These parameters can include the length of the control pipe, the throughput between chambers in 
the control part of the valve and the forcing rise time. Based on the calculations, it was found that the differential valve with large control 
pipe lengths can reduce the response time of the actuator by 42.77% relative to the system without the valve. In the case of transition of 
the valve to the tracking action, this time increases only by 9.93%. A force rise time of 0.5 s causes the transition of the valve from the 
accelerating action to the tracking action, with 9.23% delay relative to the system without a valve. The calculations can be used in the 
preliminary assessment of the speed of operation of pneumatic braking systems and in the formulation of guidelines for the construction of 
a prototypical differential valve. In conclusion, it is suggested to use a mechatronic system enabling smooth adjustment of the flow rate 
between chambers of the control system of the differential valve. 
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1. INTRODUCTION 

Modern truck tractors, farm tractors and trains are equipped 
with air brake systems that control the performance of brakes in 
trailers, semi-trailers, farm machinery and railroad cars. The brake 
control units allow smooth operation of the braking system in a 
strictly predictable and controlled manner. This makes it possible 
to achieve the required braking efficiency and the response time 
of actuators (pneumatic actuators) in response to a stimulus such 
as pressing the brake pedal by the driver and the operation of the 
main brake control valve [1]. Pneumatic braking systems of 
vehicles are subjected to high requirements laid down in UNECE 
Regulation No. 13 [2]. Considering the increasing overall 
dimensions of vehicle assemblies with pneumatically actuated 
brakes and taking into account the larger distances between 
pressure tanks and actuators [3], it becomes necessary to apply 
an intermediate component whose purpose is to increase the rate 
of application of the trailer’s brakes and to stabilise the supply 
pressure to the actuators of the braking system. 

The intermediate elements in the pneumatic braking systems 
of towed assemblies are valves of various types. These may be 
relay valves [4–6] that use additional air tanks located close to 
actuators in the form of pneumatic actuators. The use of relay 
valves in the construction of the system makes it possible to 
shorten the system’s response time to an excitation and to 
increase the braking force. These valves can only perform a 
specific function without the possibility of a free transition from a 
proportional action to an accelerating action depending on the 
nature of the excitation. Therefore, the concept of using 

differential valves has emerged [7–9]. The assumptions of the 
control theory state that a differential member in the control 
system influences the amplification of the output signal, which, 
when applied in a braking system, will positively influence the 
operation and response time of the system. The differential control 
systems operate in two ranges: in transient states, which occur in 
real control systems, they include an accelerating action, whereas 
in steady states, in which there are no changes in the output 
signal, the differential member maintains a tracking action [10]. 
There are also concepts of combination valves [11], purely 
pneumatic or electropneumatic [12]. 

The flow process is characterised by high complexity. It can 
be described by differential equations for the three-dimensional 
space using the Reynolds-averaged Navier–Stokes (RANS) 
method [13,14]. Dedicated software, such as KIVA, Ansys Fluent 
and others [15–18], is usually used to solve this problem. It is also 
possible, assuming certain simplifications, to reduce the space to 
a finite-dimensional and time-domain model of a physical system. 
The partial differential equations can be replaced by ordinary 
differential equations with a finite number of parameters. The 
discretisation process itself can indicate the possibility of 
describing the state in specific spaces, which are, for example, 
concentrated volumes. 

Computer simulation makes it possible to graphically 
represent the time courses of pressure variations in the brake 
actuator chambers and to determine the characteristics of the 
pneumatic system components based on a mathematical model 
[19]. The realisation of the mathematical model is possible by 
discretizing the components, such as the lumped method [5,8,9]. 
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Simulations using the lumped method can apply to relay 
valves [6], differential valves [9], or modified relay valves [1]. 

In a previous study [11], the differential equations formulated 
for various components of a dual brake valve (DBV), such as the 
main piston, main valve, relay piston and relay valve, were 
presented. The model was implemented in MATLAB/Simulink to 
capture the dynamic pressure characteristics of the DBV. 
Additionally, a mathematical model of the DBV was created in 
Amesim to verify the proposed approach. 

The subject of a number of studies is the computational 
evaluation of the performance of an air braking system. Braking 
time delay is indicated as the main drawback of air braking 
systems, leading to dangerous driving situations resulting from 
insufficient system performance. In a previous study [12], the 
structure of a semitrailer tractor air brake system was optimised 
by adding a shuttle valve and a two-position, three-port solenoid 
valve between the control pipe and the charging pipe downstream 
of the semitrailer control valve. The simulation results showed 
significant improvements in braking time, stopping distance, 
longitudinal kinetic energy, transverse kinetic energy and phase 
plane. An experimental study [20] was concerned with a 
comprehensive evaluation of the performance of the 
electropneumatic braking system compared to that of the 
conventional pneumatic braking system. The experimental 
research indicated the advantage of the system with the electric 
part over the classic system. The efficiency of the systems, their 
costs and the degree of development were analysed. 

In addition to road vehicles, simulations also apply to trains 
and railcars. In another study [21], different computer simulation 
scenarios were considered to study the effect of braking forces on 
the longitudinal dynamics of a train under different braking modes. 
A mathematical model of the pneumatic system and the control 
unit of the wagon was developed. In a study [22], fluid continuity 
and momentum equations were used to develop air flow 
equations. Using the finite element method, a braking model was 
obtained to account for the effect of air flow in long train pipes, as 
well as the effect of leakage and flow in branch pipes. 

This study is an extension of another study [9], in which only 
the usefulness of using a differential valve in the pneumatic 
braking system of road trains was indicated. This study 
additionally includes a systematised model description along with 
precisely specified technical data and conditions necessary to 
initiate the simulation. Multivariate adjustments of the significant 
parameters of two braking systems, that is, without and with a 
differential valve, allowed to indicate the differences in the 
pressure courses in the selected volumes of the concentrated 
systems and to develop conclusions. Conclusions drawn from the 
analyses will allow for the evaluation of the feasibility of a 
differential valve in the trailer braking system. Additionally, an 
important issue remains whether it was necessary to use 
mechatronic systems which are capable of correcting, on an 
ongoing basis, the course of the braking process. 

The structure of this article is as follows. The introduction to 
the mathematical modelling of the pneumatic braking systems is 
described in Section 2, followed by the structure of the analysed 
braking systems in Section 3 and their technical data and the 
conditions necessary to run the simulations in Section 4. The 
simulation results at variable transmission pipe lengths, 
throughputs between the chambers of the differential valve and 
control pressure rise times are described in Section 5. The last 
section presents the conclusions. 

2. MATHEMATICAL MODELLING 

The study uses the lumped method [8], which discretises a 
pneumatic system into basic members referred to as volume (V) 
and resistance (R). Combining the individual members V-R-V-…-
R-V together allows the construction of pneumatic systems [4,23]. 
In developing the mathematical description of the basic 
components of the lumped method, the following simplifications 
were adopted: 

 Air was treated as a thermodynamically ideal gas, being 
viscous and compressible. 

 Isentropic flow in the adiabatic envelope took place without 
internal friction and without heat exchange with the 
surroundings. 

 The state of the air was constant in each concentrated volume 
and depended only on time. 

 The concentrated volumes were constant [8]. 

 The temperature during the process was constant [24]. 

 The connections of the individual system components were 
perfectly tight. 

 Flow-restricting elements open and close gradually; 

 The flow coefficient does not change during the transition 
process. 
Fig. 1 shows a schematic diagram demonstrating the essence 

of discretisation of pneumatic system components in the lumped 
method. 

 
Fig. 1. Diagrams describing the equilibrium state of a concentrated 

volume (lumped method): 𝑝𝑖𝑛, 𝑝1, 𝑝𝑜𝑢𝑡 – absolute inlet,  

in concentrated volume, outlet pressure; 𝑇𝑎 – absolute 

temperature of the air; 𝑉1 – total volume in concentrated volume; 
(𝜇𝐴)𝑖𝑛 – inlet throughputs (conductance); (𝜇𝐴)𝑜𝑢𝑡 – outlet 

throughputs (conductance); 𝑚̇𝑖𝑛 – inlet air mass flow;  
𝑚̇𝑜𝑢𝑡 – inlet air mass flow; (V) – volume; (R) - resistance 

Based on Fig. 1, the pressure change in the concentrated 
volume (V) using mass flux balance is described by relation (1). 

d𝑝1

d𝑡
=

𝜅𝑅𝑔𝑇𝑎

𝑉1
(𝑚̇𝑖𝑛 − 𝑚̇𝑜𝑢𝑡), (1) 

where 𝜅 =1.4 is adiabatic exponent and 𝑅𝑔 = 287.05 J/(kg K) is 

the gas constant. 
The air mass flow rate through the pneumatic drag was based 

on the Saint-Venant–Wantzel relation in the generalised form (Eqs 
(2) and (3)). 

𝑚̇𝑖𝑛 = (𝜇𝐴)𝑖𝑛
𝑝𝑖𝑛

√𝑅𝑔𝑇𝑎
𝜓max𝜓(𝜎), (2) 

𝑚̇𝑜𝑢𝑡 = (𝜇𝐴)𝑜𝑢𝑡
𝑝1

√𝑅𝑔𝑇𝑎
𝜓max𝜓(𝜎), (3) 

where 𝜓max is the maximum value of the Saint-Venant–Wantzel 

function and 𝜓(𝜎) is the dimensionless flow function. 

 

 

 𝑚̇𝑜𝑢𝑡   𝑚̇𝑖𝑛   

𝑝𝑜𝑢𝑡   
𝑇𝑎   
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The maximum value of the Saint-Venant–Wantzel function for 

the critical pressure ratio 𝜎∗ = 0.528 [25] was calculated 
according to Eq. (4). 

𝜓 = √(
2

𝜅−1
)

𝜅+1

𝜅−1
= 0.578. (4) 

The dimensionless flow function was adopted according to 
Metlyuk–Avtushko [8] Eq. (5): 

𝜓(𝜎) = 1.13
1−𝜎

1.13−𝜎
, (5) 

where 𝜎 =
𝑝𝑎𝑓𝑡

𝑝𝑏𝑒𝑓
  and 𝑝𝑏𝑒𝑓  and 𝑝𝑎𝑓𝑡  are the pressures before 

and after resistance, respectively. 
Substituting Eqs (2) and (3) into Eq. (1), we obtained a 

differential equation describing the pressure change in the 
concentrated volume according to Fig. 1 (Eq. (6)). 

d𝑝1

d𝑡
=

𝜅𝑅𝑔𝑇𝑎

𝑉1
(

(𝜇𝐴)𝑖𝑛
𝑝𝑖𝑛

√𝑅𝑔𝑇𝑎
0.653

𝑝𝑖𝑛−𝑝

1.13𝑝𝑖𝑛−𝑝
−

+ (𝜇𝐴)𝑜𝑢𝑡
𝑝

√𝑅𝑔𝑇𝑎
0.653

𝑝−𝑝𝑜𝑢𝑡

1.13𝑝−𝑝𝑜𝑢𝑡

). (6) 

This equation can be used to describe pressure changes in 
supply reservoirs and fixed chambers of valves, connections or 
actuators. Flow capacities (𝜇𝐴) determine the flow properties of 
pneumatic resistors such as nozzles, valves or connections. For 
pneumatic pipes, the cross-sectional area should be calculated 
from the pipe diameter, and the value of the flow coefficient 
should be determined from relation (7). 

𝜇 =
𝜇𝑛

√𝑛
, (7) 

where 𝜇𝑛 = 0.12…0.28 (0.35) is the discharge coefficient of a 1-

m-long pipe section and 𝑛 is number of 1-m-length sections in the 
design pipe. 

It has been suggested in a previous study [8] that the flow 
coefficient for pneumatic pipes can be discretised singularly to 
elements not exceeding 2.5 m in length. Therefore, this option 
was adopted in the simulation of this study. 

In this way, it is possible to build pneumatic systems using a 
combination of members (V) and (R). Note that it is possible to 
connect several members (R) to one member (V). 

3. ANALYSED SYSTEMS 

Two air brake systems were adopted for comparative 
analysis: one without a differential valve (Fig. 2a) and the other 
with a differential valve (Fig. 2b). In the system without a 
differential valve, the air is accumulated in tank 1 at pressure 
𝑝max and supplied via pipe 2 to vehicle’s brake valve 3. At the 

moment when valve 3 is actuated (force 𝐹 appears, which in this 

case will be represented as a function of 𝑝𝑖𝑚𝑝), the air will begin 

to flow through valve 3 to pipe 4a and further to actuator 5. In the 
simulations, pipe 4a will have different lengths. The concentrated 
volumes are constant and have been described as (𝑝, 𝑉). In 
these volumes, the pressure waveforms can be read and 
analysed. In the system with a differential valve (Fig. 2b), the 
difference consists in shortening the length of pipe 4a from Fig. 2a 
by 1 m, thus obtaining pipe 4b (Fig. 2b) and supplementing the 
missing length with pipes 7 (0.2 m) and 10 (0.8 m). 

a) 

 
b) 

 

Fig. 2. Diagrams of the analysed braking systems: a – without a differential valve; b – with a differential valve; 1 and 8 – tank; 2, 4, 7, 9 and 10 – pipes;  
 3 – vehicle brake valve; 6 – trailer differential brake valve; description in the text and Table 1 

This is dictated by the use of differential valve 6. Actuation of 
tractor control valve 3 causes the air to flow to pipes 4a and 7, 
which, in the initial stage of the differential valve operation, 
provides tracking action in the valve transmission part (valve 
bottom). Further air flows through pipe 10 to actuator 5. 

The transition from the tracking action of the differential valve 
to the accelerating action will occur when the pressure in ch.A 
overcomes the force from the spring and the valve transfer section 
is switched to supply from tank 8 and pipe 9. 

The accelerating action will occur until the increase in 
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pressure in ch.B combined with the force from the spring 
overcomes the pressure in ch.A. The acceleration action is mainly 
determined by the stiffness of the spring and the capacity between 

chambers ch.A and ch.B, defined as (𝜇𝐴)𝑑𝑣 . The values of these 
parameters determine the occurrence of the acceleration action 
and its duration. In the simulations, the spring stiffness will remain 
constant, while the throughput between chambers will undergo 
changes. 

4. TECHNICAL DATA AND CONDITIONS NECESSARY  
TO INITIATE A SIMULATION 

For the purpose of the simulation, it is necessary to assume 
the values of the technical parameters describing the components 

of the systems under study. Tab. 1 presents the technical 
parameters with a breakdown into elements according to Fig. 2. In 
defining the parameters and initial conditions, data provided in 
previous studies [5,9,29] were used. The underlined values 
indicate their variability within specified limits. Due to the 
comparative nature of the simulation, the volumes of the individual 
valve chambers and the unit capacities of the pipes were 
assumed to be the same. In accordance with a previous study [8], 
the pipes were unit discretised to elements not exceeding 2.5 m in 
length. The actuator represents a fixed volume resulting from half 
of its operating stroke. 

To initiate the simulation, initial values must be specified in the 
components of the systems. Tab. 2 shows the initial conditions of 
the simulation. 

Tab. 1. Technical data of system components adopted for calculations (designations according to Figs. 2a and b) 

No. Parameter and volume 

1 𝑉 = 40 × 10-3 m3; 𝑇𝑎 = 293.15 K 

2 𝑑 = 13 × 10-3 m; 𝐴 = 1.327 × 10-4 m2; 𝜇𝑛 = 0.2; 𝑙 = 0.5 m; 𝑛 = 1; 𝑉 = 66.37 × 10-6 m3; 𝑉1 = 66.37 × 10-6 m3; 𝑇𝑎 = 293.15 K 

3 𝑉𝑐12 =𝑉𝑐23 = 50 × 10-6 m3; (𝜇𝐴)𝑣3 = 5 × 10-4 m2; 𝑇𝑎 = 293.15 K 

4 

𝑑 = 13 × 10-3 m; 𝐴 = 1.327 × 10-4 m2; 𝜇𝑛 = 0.2; 𝑇𝑎 = 293.15 K 

Fig. 1a – variants without a differential valve: 

(5m): 𝑙 = 5 m; 𝑛 = 2; 𝑉 = 663.66 × 10-6 m3; 𝑉1 = 331.83 × 10-6 m3 

(10m): 𝑙 = 10 m; 𝑛 = 4; 𝑉 = 1.3273 × 10-3 m3; 𝑉1 = 331.83 × 10-6 m3 

(15m): 𝑙 = 15 m; 𝑛 = 6; 𝑉 = 1.9910 × 10-3 m3; 𝑉1 = 331.83 × 10-6 m3 

(20m): 𝑙 = 20 m; 𝑛 = 8; 𝑉 = 2.6546 × 10-6 m3; 𝑉1 = 331.83 × 10-6 m3 

Fig. 1b – variants with a differential valve: 

(5m): 𝑙 = 4 m; 𝑛 = 2; 𝑉 = 530.93 × 10-6 m3; 𝑉1 = 256.45 × 10-6 m3 

(10m): 𝑙 = 9 m; 𝑛 = 4; 𝑉 = 1.1946 × 10-6 m3; 𝑉1 = 298.65 × 10-6 m3 

(15m): 𝑙 = 14 m; 𝑛 = 6; 𝑉 = 1.8583 × 10-6 m3; 𝑉1 = 309.71 × 10-6 m3 

(20m): 𝑙 = 19 m; 𝑛 = 8; 𝑉 = 2.5249 × 10-6 m3; 𝑉1 = 315.24 × 10-6 m3 

5 𝑉 = 850 × 10-6 m3; 𝑇𝑎 = 293.15 K 

6 
𝑉𝑐ℎ.𝐴 = 𝑉𝑐ℎ.𝐵 = 𝑉𝑐16 =𝑉𝑐26 = 𝑉𝑐36 = 50 × 10-6 m3; (𝜇𝐴)𝑑𝑣 = (3.5…12.5) × 10-7 m2; (𝜇𝐴)𝑣6 = 7.5 × 10-4 m2; 𝑇𝑎 = 293.15 K;  

𝑑𝑝 = 65 × 10-3 m; 𝑑𝑝𝑡  = 10 × 10-3 m; 𝑘 = 0.7× 105 N/m 

7 𝑑 = 13 × 10-3 m; 𝐴 = 1.327 × 10-4 m2; 𝜇𝑛 = 0.2; 𝑙 = 0.2 m; 𝑛 = 1; 𝑉 = 26.55 × 10-6 m3; 𝑉1 = 26.55 × 10-6 m3; 𝑇𝑎 = 293.15 K 

8 𝑉 = 40 × 10-3 m3; 𝑇𝑎 = 293.15 K 

9 𝑑 = 13 × 10-3 m; 𝐴 = 1.327 × 10-4 m2; 𝜇𝑛 = 0.2; 𝑙 = 1 m; 𝑛 = 1; 𝑉 = 132.73 × 10-6 m3; 𝑉1 = 132.73 × 10-6 m3; 𝑇𝑎 = 293.15 K 

10 𝑑 = 13 × 10-3 m; 𝐴 = 1.327 × 10-4 m2; 𝜇𝑛 = 0.2; 𝑙 = 0.8 m; 𝑛 = 1; 𝑉 = 106.18 × 10-6 m3; 𝑉1 = 106.18 × 10-6 m3; 𝑇𝑎 = 293.15 K 

Glossary: 𝑑 – pipe diameter; 𝐴 – pipe cross-sectional area; 𝜇𝑖𝑗 – pipe loss factor of a single section; 𝑙 – pipe length; 𝑛 – pipe number of components 𝑅-𝑉;  

𝑉 – tank and pipe total volume; 𝑉1  – pipe component volume; 𝑉𝑐13, 𝑉𝑐23, 𝑉𝑐16, 𝑉𝑐26, 𝑉𝑐36, 𝑉𝑐ℎ.𝐴 and 𝑉𝑐ℎ.𝐵 – chamber volume; 𝑉𝑡𝑎𝑛𝑘  

and 𝑉𝑡𝑎𝑛𝑘2 – actuator volume; 𝑇𝑎 – air temperature; 𝑑𝑝 – valve piston diameter; 𝑑𝑝𝑡  – valve piston rod diameter; 𝑘 – spring stiffness. 

Tab. 2. Initial conditions at 𝑡 = 0 s (according to Fig. 2) 

Parameter Value 

Pressure in tank 1 and 8, pipe 2 and 9, 
chamber 𝑉𝑐13 and 𝑉𝑐26 

8 × 105 Pa 

Pressure in pipe 4a / 4b, 7 and 10, chamber 

𝑉𝑐23, 𝑉𝑐16, 𝑉𝑐36; 𝑉𝑐ℎ.𝐴, 𝑉𝑐ℎ.𝐵, actuator 𝑉𝑎𝑐𝑡  
1 × 105 Pa 

Pressure of the forcing pulse 𝑝𝑖𝑚𝑝 in valve 3 1 × 105 Pa 

Setting valves 3 and 6 As shown in Fig. 2 

The pressure change in each focused volume according to 
Fig. 2 was created according to Eq. (6). Due to the extensiveness 
of the description, it will not be presented in the article. 

In both analysed systems (without and with a differential 
valve) at the start of the simulation, valve 3 (Figs. 2a and b) opens 
according to the assumed rising time of the control pressure to the 

maximum value. The rising time is described by 𝑡𝑡𝑓𝑝, whose value 

characterises the braking mode – rapid or slow. The change in 
control pressure is given in the following Eq. (8): 

d𝑝𝑖𝑚𝑝

d𝑡
= (𝑝max − 𝑝𝑎)

𝑡

𝑡𝑡𝑓𝑝
+ 𝑝𝑎  for 0 ≤ 𝑡 < 𝑡𝑡𝑓𝑝. (8) 

A change in pressure 𝑝𝑖𝑚𝑝 will result in a proportional change 

in the throughput (𝜇𝐴)𝑣3 and a gradual opening of valve 3  
(Fig. 2). 

In a system with a differential valve (Fig. 2b), the throughput in 
the transferring part (at the bottom of valve 6) defined as (𝜇𝐴)𝑣6 
will depend on the arrangement of forces in the control part (at the 
top of the valve). Depending on the overdrive of the transfer part, 
actuator 5 will be able to be supplied from pipes 4 and 7 (tracking 
action) or from tank 8 and pipe 9 (accelerating action). 

The tracking action of valve 6 will occur when, in the control 
part, the force system has the following form (9): 

𝑝𝑐ℎ.𝐴𝐹𝑝𝑐ℎ.𝐴𝜂 ≤ 𝑝𝑐ℎ.𝐵𝐹𝑝𝑐ℎ.𝐵𝜂 + 𝐹𝑠 . (9) 

Then the bandwidth in the transferring part will reach the 
maximum value, and the power will come from wire 7 according to 
Eq. (10). 
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(𝜇𝐴)𝑣6 = (𝜇𝐴)𝑣6max and 𝑝 = 𝑝𝑐16. (10) 

With the accelerating action of valve 6 in the control section, 
the force system will be of the following form (11): 

𝑝𝑐ℎ.𝐴𝐹𝑝𝑐ℎ.𝐴𝜂 > 𝑝𝑐ℎ.𝐵𝐹𝑝𝑐ℎ.𝐵𝜂 + 𝐹𝑠. (11) 

The throughput in the transfer section will also reach the 
maximum value, but the supply will come from tank 8 and pipe 9 
according to Eq. (12). 

(𝜇𝐴)𝑣6 = (𝜇𝐴)𝑣6max and 𝑝 = 𝑝𝑐26, (12) 

where 𝐹𝑐ℎ.𝐴 is the cross-sectional area of piston from chamber A; 
𝐹𝑐ℎ.𝐴 is the cross-sectional area of the piston from chamber ch.B; 

𝜂 =0.95 is the coefficient of friction forces in the differential valve; 

𝐹𝑠 is the force from spring; and 𝑝 is the input pressure in valve 6. 
The instantaneous difference in pressure values 𝑝𝑐ℎ.𝐴 and 

𝑝𝑐ℎ.𝐵 is responsible for the throughput between these chambers 
(𝜇𝐴)𝑑𝑣 . This mainly determines the occurrence or absence of the 
acceleration effect. 

5. RESULTS OF THE SIMULATION 

The differential equations describing the pressure changes in 
each control volume based on Eq. (6) were solved numerically by 
using the implicit trapezoid method combined with backward 
differentiation (min. step 1 × 10-6 s) in MATLAB/Simulink software 
[26]. This software is characterised by the ease of implementation 
of the adopted empirical models and the possibility of replicating 
the repeating subsytems using masking, as confirmed in studies 
[27–29]. 

The use of the differential valve should be assumed to reduce 
the operation time of the pneumatic system in the vehicle brake 
valve actuation – actuator relationship. In the initial part, two 
systems were simulated: one without a differential valve and the 
other with a differential valve. According to Tab. 1, the variant (20 

m) was assumed and the throughput (𝜇𝐴)𝑑𝑣 = 3.5 × 10-7 m2. 

Assuming an increase in the control pressure 𝑝𝑖𝑚𝑝  during 0.2 s to 

the maximum value, the pressure waveforms in the selected 
control volumes were obtained. 

The system (20 m) without a differential valve is able to reach 

a pressure of 0.75 𝑝max in the control volume of the actuator in 
1.218 s (Fig. 3). 

 
Fig. 3. Pressure curves in selected control volumes for the system 

without a differential valve and for the pipe length variant (20 m)  
at a control pressure rise time of 0.2 s; indexes: imp – control 
impulse; tank – tank, c23 – chamber 23; act – actuator 

By contrast, the system (20 m) with the differential valve 
achieves this pressure in 0.697 s (Fig. 4). The use of the 

differential valve resulted in a 42.77% reduction response time. 

The pressure waveform in the actuator control volume 𝑝𝑎𝑐𝑡 (Fig. 
4) shows the essence of the use of the differential valve. Up to 
point A, the system with the differential valve exhibits a tracking 
action, and a slight delay in this range relative to the system 
without a valve (Fig. 5) is due to the flow through the transfer 
system of the differential valve. At point A (Fig. 4), the pressure in 
the chamber ch.A of the control portion of the differential valve 
overcomes the force from the spring (Fig. 2) and, as a result, 
overrides the supply from tank 8.  

 
Fig. 4. Pressure curves in selected control volumes for the system  

with a differential valve and for the pipe length variant (20 m)  
at a control pressure rise time of 0.2 s and throughput (𝜇𝐴)𝑑𝑣  

3.5 × 10-7 m2; indexes: imp – control impulse; tank and tank2 – 
tank, c23, ch.A and ch.B – chamber 23; act – actuator; p. 
 A – opening of the valve; p. B – closing of the differential valve 

 
Fig. 5. Pressure curves in selected control volumes for the system 

without and with a differential valve and for the pipe length variant 
(20 m) at a control pressure rise time of 0.2 s and throughput 
(𝜇𝐴)𝑑𝑣 3.5 × 10-7 m2; indexes: imp – control impulse;  

act – actuator 

The action ceases to be tracked, and because of the proximity 

of tank 8, the pressure in the actuator 𝑝𝑎𝑐𝑡 increases rapidly until 

it equals the pressure 𝑝𝑡𝑎𝑛𝑘2 (Fig. 4). The throughput (𝜇𝐴)𝑑𝑣  
allows the pressures in the chambers ch.A and ch.B to equalise 
and, by the additional action of the spring force, return to the 
tracking action (point B). Furthermore, the pressure in the actuator 
will tend to equalise with the pressure 𝑝𝑡𝑎𝑛𝑘 . The mode of 
operation of the combined chambers ch.A and ch.B (Fig. 2) in the 
differential valve differs from that in the relay valve [4,6]. 

Next, simulations were performed for all variants of wire length 

4 and throughputs (𝜇𝐴)𝑑𝑣  included in Tab. 1. The throughputs 
(𝜇𝐴)𝑑𝑣  were graded in steps of 0.5 × 10-7 m2. As before, the 

control pressure increment 𝑝𝑖𝑚𝑝  was assumed at 0.2 s to a 

maximum value. 

Calculations showed that for (𝜇𝐴)𝑑𝑣  throughputs of (4.0, 5.0, 
7.5 and 12.5) × 10-7 m2, respectively, successive variants of 4 (20, 
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15, 10 and 5) m pipe length cease to show an accelerating effect 
in the variant with the differential valve (Tab. 3 and Fig. 6). At 

(𝜇𝐴)𝑑𝑣  = 3.5 × 10-7 m2, all length variants exhibit an accelerating 
effect with respect to the system without the differential valve. 

Tab. 3. Comparison of the times for reaching 0.75 𝑝max at different lengths of pipe 4 (Fig. 2) 

Variant 
pipe length 

(m) 

Without 
valve 

(s) 

With differential valve (s) at throughput (𝝁𝑨)𝒅𝒗 × 10-7 m2 

3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 

5 0.360 0.230 0.232 0.235 0.237 0.239 0.242 0.244 0.246 0.250 

10 0.596 0.342 0.347 0.354 0.363 0.370 0.379 0.394 0.414 0.676 

15 0.880 0.482 0.501 0.526 0.986 0.979 0.989 0.988 0.987 0.978 

20 1.218 0.697 1.339 1.337 1.342 1.338 1.337 1.338 1.348 1.337 

Variant 
pipe length 

(m) 

With differential valve (s) at throughput (𝝁𝑨)𝒅𝒗 × 10-7 m2 

8.0 8.5 9.0 9.5 10.0 10.5 11.0 11.5 12.0 12.5 

5 0.252 0.255 0.259 0.263 0.267 0.272 0.275 0.282 0.295 0.410 

10 0.677 0.675 0.677 0.674 0.676 0.672 0.672 0.678 0.672 0.678 

15 0.979 0.988 0.982 0.988 0.981 0.987 0.983 0.977 0.978 0.984 

20 1.338 1.339 1.346 1.343 1.334 1.343 1.335 1.338 1.340 1.339 

 
Fig. 6. Values of the times for reaching 0.75 𝑝max at different lengths of pipe 4 (Fig. 2) 

a) 

 

b) 

 

c) 

 
d) 

 

e) 

 

f) 

 

Fig. 7. Pressure curves in selected control volumes at a control pressure rise time of 0.2 s and at different lengths of pipe 4 (according to Tab. 1): (a) system  
           without a differential valve, (b–f) system with a differential valve at throughputs (𝜇𝐴)𝑑𝑣 × 10-7 m2: b - 3. 5; c - 4; d - 5; e - 7.5; f - 12.5;  

           indexes: imp – control impulse; tank – tank, act – actuator; (5, ..., 20) m – pipe length variants 
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In order to graphically represent the disappearance of the 
accelerating action of the differential valve, Fig. 7 shows the 
pressure waveforms in selected control volumes of the tested 
systems without and with the valve. For the differential valve, the 
throughputs (𝜇𝐴)𝑑𝑣  were (3.5, 4.0, 5.0, 7.5 and 12.5) × 10-7 m2, 
control pipe lengths 4 (5, 10, 15 and 20) m, respectively. 

Taking the throughput step (𝜇𝐴)𝑑𝑣 preceding the decay of 
the accelerating action of the differential valve as a reference 
point, differences in the reduction of the actuator response time 
were found between the variants. 

In the variant of pipe length 4 (20 m) and throughput (𝜇𝐴)𝑑𝑣 
= 3.5 × 10-7 m2, the differential valve caused a 42.77% reduction 

in the time to reach a pressure of 0.75 𝑝max in the actuator 
control volume. The variant (15 m) and (𝜇𝐴)𝑑𝑣  = 4.5 × 10-7 m2 
reduced this time by 40.23%. By contrast, the variant (10 m) and 
(𝜇𝐴)𝑑𝑣  = 7 × 10-7 m2 showed a time reduction of 30.54%. The 
variant with the shortest wire length of 4 (5 m) and (𝜇𝐴)𝑑𝑣  = 12 × 
10-7 m2 showed the least reduction in response time of 18.01%. 

This demonstrated the validity of the use of differential valves 
in braking systems with large lengths of control pipe 4 (Fig. 2), as 
mentioned in the literature [1,8,9]. 

At the points of deceleration and tracking action, deceleration 
in the indicated cases was 13.89, 13.42, 12.04 and 9.93%, 
respectively, with the lowest value recorded for the variant with 
the longest pipe 4. 

In the last stage of the simulation, the effect of the control 

pressure rise time (𝑝𝑖𝑚𝑝) to the maximum value on the actuator 

response time was evaluated. The differential valve should 
guarantee its acceleration action at short override times of the 
vehicle brake valve. Such a situation replicates sudden braking, 
and then there is a need to brake the trailer as quickly as possible 
to prevent the trailer from “dropping” behind the towing vehicle 
[2,30]. 

For the analysis, systems without and with a differential valve 
in the variant (20 m) with a capacity of (𝜇𝐴)𝑑𝑣  = 3.5 × 10-7 m2 

were adopted. The times of control pressure rise 𝑝𝑖𝑚𝑝 to a 

maximum value were taken as 0.2, 0.3, 0.4 and 0.5 s. 

Comparing the times 𝑡𝑡𝑓𝑝 necessary to reach 0.75 𝑝max in 

the control volume of the actuator (Tab. 4, Fig. 8), it is shown that 
the tracking action of the system with the differential valve is 

achieved at 𝑡𝑡𝑓𝑜 = 0.5 s, where the actuator response time 

increases by 9.23% relative to the system without the differential 
valve. 

Tab. 4. Comparison of the times for reaching 0.75 𝑝max at different 

control pressure rise times 

Variant Time to full pressure 𝒕𝒕𝒇𝒑, s 

0.2 0.3 0.4 0.5 

Without a differential valve 1.218 1.255 1.293 1.331 

With a differential valve 0.697 0.756 0.841 1.454 

Below this value, an accelerating effect becomes apparent. At 

𝑡𝑡𝑓𝑜 = 0.2 s, the system with an acceleration valve reduces the 

response time of the actuator by 42.77%. On the other hand, at 

𝑡𝑡𝑓𝑜 = 0.3 s, the time reduction is slightly smaller at 39.77%. In 

the next case, at 𝑡𝑡𝑓𝑜 = 0.4 s, the reduction is 34.99%. 

The differences in the times to reach 0.75 𝑝max in the control 
volume of the actuator (Fig. 9) are due to the time that must 
elapse before the transfer section of the differential valve is 

switched to supply from tank 8 (Fig. 2). This shows the 
increasingly later switching of the differential valve depending on 
the value of 𝑡𝑡𝑓𝑜. 

 
Fig. 8. Values of the times for reaching 0.75 𝑝max at different control  

  pressure rise times 

In this way, the possibility of a smooth transition of the system 
with the differential valve from an accelerating action to a tracking 
action with a small delay in relation to the system without the 
differential valve is demonstrated. 

The choice of conductor parameters and the volume of the 
concentrated chambers of the analysed system allows to 
approximate the tracking performance of the system with a 
differential valve to the system without a valve. An important 
feature is the throughput (𝜇𝐴)𝑑𝑣  and its influence on the valve 

performance when confronted with time 𝑡𝑡𝑓𝑜. 

 
Fig. 9. Pressure curves in selected control volumes for the systems 

without and with a differential valve for the pipe length variant  
(20 m) at different control pressure rise times and throughput 
(𝜇𝐴)𝑑𝑣 3.5 × 10-7 m2: a - 𝑡𝑡𝑓𝑝 = 0.2 s; b - 𝑡𝑡𝑓𝑝 = 0.3 s;  

a - 𝑡𝑡𝑓𝑝 = 0.4 s; a - 𝑡𝑡𝑓𝑝 = 0.5 s; indexes: imp - control impulse; 

act – actuator 

It should be emphasised that the mathematical model 
presented in the article is simplified. It does not include a 
description of the variable volume of the control or actuator 
chambers and heat transfer. However, as can be judged from the 
simulation results obtained, it is useful for preliminary estimation 
of differences in the nature of operation of systems without and 
with a differential valve. The parameter that is considered 
important in the course of design and practical implementation of 
the differential valve is the throughput between the control 

chambers ch.A and ch.B defined as (𝜇𝐴)𝑑𝑣  (Fig. 2). In 
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calculations, the value of the throughput was assumed constant in 
the considered variants and configurations of the system. After the 
simulations, it was found that designing a system enabling smooth 
regulation of this throughput via a mechatronic system is worth 
considering. 

In the next steps, further work is planned to complete the 
mathematical model with variable volume chambers and heat 
transfer. The simulations performed and the analysis of their 
results are a prelude to the development of a prototypical 
differential valve. The design of a system enabling smooth 
adjustment of the flow rate between the valve chambers via a 
mechatronic system is also considered. In addition to the 
commonly used valves with electromagnetic actuation [31,32], 
piezoelectric actuation [33,34] is a certain hope. 

The braking system is one of the components of the whole 
trailer. Considering broader possibilities of using the mathematical 
model presented in this article, there is a chance to use it to model 
the movement of a trailer or a tractor–trailer combination similar to 
the one presented in a previous study [35]. Additionally, the 
braking system model can be combined with other component 
models such as shock absorbers, springs, control arms or wheels, 
to evaluate vehicle handling. By supplementing the model 
presented in a pervious study [36] with the braking system, one 
can obtain a model of the entire trailer or tractor–trailer 
combination. 

6. CONCLUSIONS 

The simulations presented in the article were intended to 
demonstrate the purpose of using the differential valve in trailer 
braking systems. The proposed mathematical model, in spite of its 
simplifications, turned out to be useful for the preliminary 
comparative evaluation of the systems adopted without and with a 
differential valve. Based on the analyses performed, the following 
conclusions were reached. 
1. The application of the differential valve in the braking system 

in all analysed variants of the control pipe length can result in 
the reduction of the actuator response time. In the case of a 
pipe with a length of 20 m and a throughput between the valve 
chambers of 3.5 × 10-7 m2, the response time is reduced by 
42.77%. 

2. The dominant parameter affecting the performance of the 
differential valve is the throughput between its chambers. The 
throughput can reduce the response time or, depending on 
the value, change the valve action from accelerating to 
tracking. A system with a wire of 20 m length and a 4 × 10-7 
m2 throughput between chambers increases the response 
time by 9.93% while maintaining the tracking action. 

3. The acceleration effect of the differential valve system 
depends on the course of the forcing pulse. For the rise times 
of the control pressure to the maximum value below 0.5 s, the 
acceleration effect was obtained (the maximum at 0.2 s was 
by 42.77%). At a rise time of 0.5 s, the action changed to 
tracking with 9.23% retardation with respect to the system 
without a valve. 

4. Based on the calculations and analyses performed, it is 
suggested that a mechatronic system could be used to enable 
smooth adjustment of the flow rate between the chambers of 
the differential valve control system. This type of system could 
adjust the differential valve to the characteristics of the trailer. 
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