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Abstract: The non-integer order derivatives, Caputo (C) and Caputo Fabrizio (CF), were employed to analyse the natural convective flow 
of magnetohydrodynamic (MHD) Jeffrey fluid. The aim is to generalise the idea of Jeffrey’s fluid flow. The fluid flow is elaborated between 
two vertical parallel plates. One plate is kept fixed while the other is moving with the velocity U0f(t), which induces the motion in the fluid. 
The fluid flow problem is modelled in terms of the partial differential equation along with generalised physical conditions. The appropriate 
parameters are introduced to the dimensionless system of equations. To obtain the solutions, the Laplace transform (LT) is operated on 
the fractional system of equations, and the results are presented in series form. The pertinent parameter’s influence on the fluid flow is 
brought under consideration to reveal interesting results. In comparison, we noticed that the C approach shows better results than CF, and 
graphs are drawn to show the results. The results for ordinary Jeffrey fluid, second-grade and viscous fluid are obtained in a limiting sense. 

Keywords: Jeffrey fluid, porous medium, natural convection, magnetohydrodynamic, Laplace transform, Caputo derivative,  
                     Caputo Fabrizio derivative 

1. INTRODUCTION 

The Navier–Stokes equation cannot characterise the 
mechanical features of non-Newtonian fluids owing to their 
complex nature. So, the rheological behaviour of non-Newtonian 
fluids cannot be described enough with a single constitutive 
equation. Non-Newtonian fluids with their rheological behaviour 
makes them valuable for many industrial and technological 
applications, for instance, in the petroleum, biological, plastic 
manufacturing, chemical, textile and cosmetic industries. There 
are several models accorded to describe the resourceful nature of 
non-Newtonian fluids [1,2]. In addition, Jeffrey fluid is obtained to 
be the simplest generalisation of the Newtonian fluid. This fluid 
model is apt for narrating the characteristics of relaxation and 
retardation times. From the model of Jeffrey fluid, the second-
grade and viscous fluid models can be deduced by disregarding 
the impacts of their generalised parameters. Being mindful of its 
properties and abilities, the wide application of Jeffrey fluid is 
noticed in biological science such as in plasma, handling of 
biological fluid and blood,  and in mechanics. Hayat et al. [3] 
highlighted the chain solution of the magnetohydrodynamic (MHD) 
Jeffrey fluid in a channel. MHD analysis along with the slip 
condition on Jeffrey fluid was reported by Das et al. [4]. Imtiaz et 
al. [5] initiated the study of MHD Jeffrey fluid and highlighted the 
effects of heterogeneous and homogeneous reactions on the fluid 
flow. The effects of heat generation on MHD Jeffrey fluid in a 
porous medium were studied by Jena et al. [6]. 

Similar studies on MHD Jeffrey fluid are recorded in literature 
[7–14] and the references therein. The versatile and valuable 

impacts of fractional calculus in the field of electrical engineering, 
electrochemistry, control theory, electromagnetism, mechanics, 
image processing, bioengineering, physics, finance, fluid 
dynamics and many others make it a valuable tool for study. For 
systems that have long-term memory, fractional derivatives are 
very important and suitable because they record not only the 
present but also the past. It has numerous applications in physical 
science, such as chemistry, ecology, geology and biology. The 
mechanism of non-Newtonian models has been elaborated 
successfully with fractional calculus in the past decades due to its 
simple and elegant description of the complexity of its behaviour. 
One of the important non-Newtonian fluids is viscoelastic fluids 
which exhibit the behaviour of elasticity and viscosity. These fluids 
have broad implications and importance in several areas of 
engineering, such as industrial engineering, polymerisation, 
mechanical engineering and the automobile industry. Fractional 
calculus is very helpful in interpreting the viscoelastic nature of the 
materials. Taking into account the enormous properties 
mentioned, many researchers have paid attention to studying it 
directly or indirectly in the fractional order derivative field. Bagley 
and Torvik [15] noted the fractional calculus application on the 
viscoelastic fluids. Jamil and Khan [16] explored the impacts of 
slip conditions on the fractional Maxwell fluid and explored the 
closed solution of shear stress and velocity. Kot and Elmaboud 
[17] conducted an analysis of heat transfer of the flow of pulsatile 
time-dependent Maxwell fluid by a vertical stenosed artery with 
body acceleration. They employed the Cattaneo fractional model 
to modify the energy equation. Riaz et al. [18] analysed the 
impacts of heat transfer on MHD fractionalised Oldroyd-B fluid. 
Semi-analytic and numerical solutions are attained for the 
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electroosmotic flow of the fractionalised Oldroyd-B fluid by Alsharif 
et al. [19]. The flow takes place in a vertical microchannel that is 
filled with a porous medium. Khan et al. [20] investigate the 
Casson fluid with the Caputo (C) time derivative. The C and 
Caputo Fabrizio (CF) comparative analysis of second-grade fluid 
with Newtonian heating was investigated by Imran et al. [21]. To 
reveal the interesting facts on the electroosmotic flow of second-
grade fluid, an intriguing study was done by Abdellateef et al. [22]. 
The flow happens through the vertical microchannel. They 
considered the heat equation and modified it with the Cattaneo 
heat flux model and revealed interesting results. Alsharif and 
Elmaboud [23] considered the above-said problem in the vertical 
annulus. They solved the problem with the finite Hankel transform 
and Laplace transform. The results show that as the volume 
concentration rise, the hybrid nanofluid becomes more viscous, 
and electroosmotic flow is accelerated by free convection force. 
Saqib et al. [24] studied the natural convective flow of generalised 
Jeffrey fluid with the CF approach. Shehzad et al. [25] 
demonstrate the problem of 3D MHD flow of the Jeffrey fluid along 
with Newtonian heating. Hayat et al. [26] examined the MHD flow 
of the Jeffrey fluid through a channel and discovered the series 
solutions. Farman et al. [27] conducted research to investigate the 
complex action of the COVID-19 Omicron variant with the CF 
derivative. A numerical scheme is employed for the computational 
and simulation of the COVID-19 model. Some of the contributions 
of the fractional calculus on the viscoelastic fluids are highlighted 
in literature [28–38]. 

Inspired by the above literature, this article is devoted to 
studying the heat and mass transfer analysis of the MHD 
fractional Jeffrey fluid through a channel along with generalised 
boundary conditions. In the paper layout, Section 2 describes the 
governing equation with the geometry of the problem. 
Preliminaries are stated in Section 3. In Section 4, we have 
converted the integer-order derivative Jeffrey fluid model with the 
fractional order derivative C and CF model. The Laplace transform 
(LT) has been employed to attain the analytical solutions. The 
analytical expression for velocity, temperature, and concentration 
are evaluated in a series form. Such exact solutions have never 
been noted in the literature before. Hence this article makes 
valuable contributions to the existing literature in view of the pan-
city of exact solutions of Jeffrey fluid with generalised boundary 
conditions. In Section 5, limiting cases are discussed. The impacts 
of parameters on the fluid flow, heat and mass distributions, are 
captured with the assistance of graphs stated in Section 6. The 
final conclusions are stated in Section 7. 

Tab. 1. Nomenclature 

Symbol Quantity 

w Velocity 

B0 Magnetic force 

q LT Parameter 

ϑ Temperature 

k Heat Conduction 

ρ Density 

λ Relaxation time 

σ Electric Conductivity 

µ Viscosity (Dynamic) 

υ Viscosity (Kinematic) 

cp Specific heat 

g Gravitational force 

 Hartman number 

Pr Prandtl number 

Gr Grashof number(thermal) 

K Porosity 

λ1 Jeffrey fluid parameter 

D Mass diffusivity 

Gc Grashof number(mass) 

Sc Schmidt number 

2. MODEL GOVERNING EQUATIONS 

The phenomenon of heat and mass transfer of the convective 
MHD Jeffrey fluid flow is examined. The fluid is submerged in a 
permeable medium between two upright plates at ξ∗ = 0  and 

ξ∗ = d . At t∗ = 0 , plates and fluid are both static with the 

ambient temperature ϑ∞  and concentration ϕ∞. As t∗ > 0, the 

plate at the ξ∗ = 0 starts to move with velocity U0f(t∗), while the 
other plate is kept fixed. The temperature of the plate descends or 

ascends to ϑd + (ϑw − ϑd)g(t∗) , and concentration ϕd +
(ϕw − ϕd)h(t∗), where f(t∗), g(t∗) and h(t∗) are continuous 
functions and have zero value at t∗ = 0 . Furthermore, a 
transverse magnetic force is introduced vertically to the fluid flow. 
By neglecting the impacts of an induced magnetic field, Joule 
heating, viscous dissipation and assuming that the velocity is a 

function of ξ∗ and t∗ only, the governing equation for the fluid flow 
description using Boussinesq approximation [39, 40] along with 
concentration equation will take the form 

𝜕𝜔(𝜁∗,𝑡∗)

𝜕𝑡∗ =  

𝜐

1+𝜆1
(1 + 𝜆𝑟

𝜕

𝜕𝑡∗)
𝜕2𝜔(𝜁∗,𝑡∗)

𝜕𝜁∗2 − (
𝜈𝜙

𝑘1
+

𝜎𝐵0
2

𝜌
) 𝜔(𝜁∗, 𝑡∗) +

𝑔𝛽𝜗(𝜗𝑤 − 𝜗𝑑) + 𝑔𝛽𝜙(𝜙 − 𝜙𝑑),  

(1) 

𝜌𝐶𝑝
𝜕𝜗(𝜁∗,𝑡∗)

𝜕𝑡∗ = 𝑘
𝜕2𝜗(𝜁∗,𝑡∗)

𝜕𝜁∗2 ,  (2) 

𝜕𝜙(𝜁∗,𝑡∗)

𝜕𝑡∗ = 𝐷
𝜕2𝜙(𝜁∗,𝑡∗)

𝜕𝜁∗2 .  (3) 

The system imposed conditions related to the present problem 
are 

𝜔(𝜁∗, 0) = 0,
𝜕𝜔(𝜁∗,𝑡∗)

𝜕𝑡∗ = 0, 𝜔(𝜁∗, 0) = 0, 𝜙(𝜁∗, 0) =

0,  
(4) 

𝜔(0, 𝑡∗) = 𝑈0𝑓(𝑡∗), 𝜔(𝑑, 𝑡∗) = 0,  (5) 

𝜗(0, 𝑡∗) = 𝜗𝑑 + 𝑔(𝑡∗)(𝜗𝑤 − 𝜗𝑑), 𝜗(𝑑, 𝑡∗) = 𝜗𝑤 ,  (6) 

𝜙(0, 𝑡∗) = 𝜙𝑑 + ℎ(𝑡∗)(𝜙𝑤 − 𝜙𝑑),   𝜙(𝑑, 𝑡∗) = 𝜙𝑤.  (7) 

For the process of dimensionalisation, the following constants 
and parameters are introduced as 

𝜔′ =
𝜔

𝑈0
, 𝜁′ =

𝜁∗

𝑑
, 𝜗′ =

𝜗−𝜗𝑑

𝜗𝑤−𝜗𝑑
, 𝑡′ =

𝑣𝑡∗

𝑑2 , 𝑃𝑟 =

𝜇𝑐𝑝

𝑘
, 𝑆𝑐 =

𝑣

𝐷
, 𝐾 =

𝑘1

𝜙𝑑2 , 𝜆 =
𝜆𝑟𝜐

𝑑2 ,   
 

𝐻𝑎
2 = √

𝜎

𝜇
𝐵0𝑑, 𝐺𝑟 =

𝑔𝛽𝜗𝜐(𝜗𝑤−𝜗𝑑)

𝑈0
3 , 𝐺𝑐 =

𝑔𝛽𝜙𝜐(𝜙𝑤−𝜙𝑑)

𝑈0
3 .  (8) 
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After implementing Eq. (8) into Eqs (1)–(7), the governing 
equations are expressed after dropping the “/” 

𝜕𝜔(𝜁,𝑡)

𝜕𝑥
=

1

1+𝜆1
(1 + 𝜆

𝜕

𝜕𝑡
)

𝜕2𝜔(𝜁,𝑡)

𝜕𝜉2 − (
1

𝐾
+

𝐻𝑎
2) 𝜔(𝜁, 𝑡) + 𝐺𝑟𝜗(𝜁, 𝑡) + 𝐺𝑐𝜙(𝜁, 𝑡),  

(9) 

𝑃𝑟
𝜕𝜗(𝜁,𝑡)

𝜕𝑡
 =  

𝜕2𝜗(𝜁,𝑡)

𝜕𝜉2 ,  (10) 

𝑆𝑐
𝜕𝜙(𝜁,𝑡)

𝜕𝑡
 =  

𝜕2𝜙(𝜁,𝑡)

𝜕𝜉2 ,  (11) 

The imposed conditions in Eqs (4)–(7) for the velocity, 
temperature and concentration profiles become 

𝜔(𝜁, 0) = 0,
𝜕𝜔(𝜁,0)

𝜕𝑡
= 0,   𝜗(𝜁, 0) = 0, 𝜙(𝜁, 0) = 0,  (12) 

𝜔(0, 𝑡) = 𝑓(𝑡), 𝜔(1, 𝑡) = 0, 𝜗(0, 𝑡) =
𝑔(𝑡), 𝜗(1, 𝑡) = 1, 𝜙(0, 𝑡) = ℎ(𝑡), 𝜙(1, 𝑡),  

(13) 

where all the quantities and parameters are stated in the 
nomenclature section. 

 
Fig. 1. Geometrical description of the fluid flow phenomenon 

3. PRELIMINARIES 

The function/non-integer C time derivative is stated as 

𝐷𝑡
𝜂

ℎ(𝜎, 𝑡) =
1

𝛤(1−𝜂)
∫ (𝑡 − 𝜚)−𝜂𝑅 

′

(𝜎, 𝜚)𝑑𝜚,
𝑡

0
𝐶   

𝜂 ∈ (0,1).  
(14) 

Implement the LT on the C time derivative 

𝐿 ( 𝐷𝐶
𝑡
𝜂

𝑅(𝜎, 𝑡)) = 𝑠𝑛𝐿(𝑅(𝜎, 𝑡) − 𝑠𝑛−1𝑅(𝜎, 0).  (15) 

The non-integer CF time derivative is defined as 

𝐷𝑡
𝜂

𝑅(𝜎, 𝑡) =
1

(1−𝜂)
∫ 𝑒

(
−𝜂(𝑡−𝜚)

1−𝜂
)
𝑅 

′

(𝜎, 𝜚)𝑑𝜚,
𝑡

0
𝐶𝐹   

𝜂 ∈ (0,1)    

(16) 

Applying the LT on the time fractional CF derivative changes 
to 

 𝐿 ( 𝐷𝐶𝐹
𝑡
𝜂

𝑅(𝜎, 𝑡)) =  
𝑠𝐿(𝑅(𝜎,𝑡))−𝑅(𝜎,0)

𝑠(1−𝜂)+ 𝜂
.   (17)  

 
 

4. FRACTIONAL FORMULATIONS OF GOVERNING 
EQUATIONS AND SOLUTIONS 

 
4.1.  Caputo formulation and solutions 

Replace the time derivative with the C fractional derivative into 
Eqs (9)–(11) as, 

𝐷𝐶
𝑡
𝜂

𝜔(𝜁, 𝑡) =
1

1+𝜆1
(1 + 𝜆𝐶 𝐷𝑡

𝜂
)

𝜕2𝜔(𝜁,𝑡)

𝜕𝜉2 −

(
1

𝐾
+ 𝐻𝑎

2) 𝜔(𝜁, 𝑡) + 𝐺𝑟𝜗(𝜁, 𝑡) + 𝐺𝑐𝜙(𝜁, 𝑡),  
(18) 

𝑃𝑟 𝐷𝐶
𝑡
𝜂

𝜗(𝜁, 𝑡) =  
𝜕2𝜗(𝜁,𝑡)

𝜕𝜉2 ,  (19) 

𝑆𝑐 𝐷𝐶
𝑡
𝜂

𝜙(𝜁, 𝑡) =  
𝜕2𝜙(𝜁,𝑡)

𝜕𝜉2 ,      (20) 

4.1.1 Investigation of exact solution for temperature profile 

Implementing LT on Eq. (19), we will obtain with transform 
boundary conditions 

𝜕2𝜗̅(𝜁,𝑞)

𝜕𝜉2 − 𝑃𝑟𝑞𝑛𝜗̅(𝜁, 𝑞) = 0,  (21) 

𝑣̅(0, 𝑞) = 𝐺(𝑞), 𝑣̅(1, 𝑞) =
1

𝑞
.  (22) 

Employing the Laplace transformed boundary conditions 
stated in Eq. (22), the solution for Eq. (21) will be as obtained in 
literature [40] 

𝜐̅(𝜁, 𝑞) = 𝑞𝐺(𝑞) (
𝑠𝑖𝑛ℎ((1−𝜁)

𝑞𝑠𝑖𝑛ℎ(√𝑃𝑟𝑞𝑛)
) + (

𝑠𝑖𝑛ℎ(𝜁√𝑃𝑟𝑞𝑛)

𝑞𝑠𝑖𝑛ℎ(√𝑃𝑟𝑞𝑛)
) =

𝑞𝐺(𝑞)𝜗1(𝜁, 𝑞) + 𝜗2(𝜁, 𝑞).  
(23) 

Here,  

𝜗1(𝜁, 𝑞) =
𝑒(1−𝜁)√𝑃𝑟𝑞𝑛

−𝑒−(1−𝜁)√𝑃𝑟𝑞𝑛

𝑞(𝑒√𝑃𝑟𝑞𝑛
−𝑒−√𝑃𝑟𝑞𝑛

)
=

∑ (
𝑒−(2𝑛−𝜁)√𝑃𝑟𝑞𝑛

𝑞
−

𝑒−(2𝑛+2−𝜁)√𝑃𝑟𝑞𝑛

𝑞
) .∞

𝑛=0   

(24) 

𝜗1(𝜁, 𝑞) = ∑ (∑
(−1)𝑘(2𝑛+𝜁)𝑘(𝑃𝑟)

𝑘
2⁄

𝑘!Γ(1−
𝑘𝜂

2
)

∞
𝑘=0 𝑡−

𝑘𝜂

2 −∞
𝑛=0

∑
(−1)𝑘(2𝑛+2−𝜁)𝑘(𝑃𝑟)

𝑘
2⁄

𝑘!𝛤(1−
𝑘𝜂

2
)

∞
𝑘=0 𝑡−

𝑘𝜂

2 ) .  

(25) 

 

The expression of ϑ2(ζ, q) is in an expanded from defined as 
below 

𝜗2(𝜁, 𝑞) =
𝑒𝜁√𝑃𝑟𝑞𝑛

−𝑒−𝜁√𝑃𝑟𝑞𝑛

𝑞(𝑒√𝑃𝑟𝑞𝑛
−𝑒−√𝑃𝑟𝑞𝑛

)
=

∑ (
𝑒−(2𝑛+1−𝜁)√𝑃𝑟𝑞𝑛

𝑞
−

𝑒−(2𝑛+1−𝜁)√𝑃𝑟𝑞𝑛

𝑞
) .∞

𝑛=0   

(26) 

Implement the inverse LT in Eq. (26) as 

𝜗2(𝜁, 𝑡) = ∑ (∑
(−1)𝑘(2𝑛+1−𝜁)𝑘(𝑃𝑟)

𝑘
2⁄

𝑘!Γ(1−
𝑘𝜂

2
)

∞
𝑘=0 𝑡−

𝑘𝜂

2 −∞
𝑛=0

∑
(−1)𝑘(2𝑛+1+𝜁)𝑘(𝑃𝑟)

𝑘
2⁄

𝑘!𝛤(1−
𝑘𝜂

2
)

∞
𝑘=0 𝑡−

𝑘𝜂

2 ) .  

(27) 
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Now apply the inverse LT in Eq. (23) as 

 𝜗(𝜁, 𝑡) = ∫ 𝑔 
′

(𝑡 − 𝜏)𝜗1(𝜁, 𝜏)𝑑𝜏 + 𝜗2(𝜁, 𝑡),
𝑡

0
  (28) 

where 𝜗1(𝜁, 𝑡) and 𝜗2(𝜁, 𝑡) are presented in Eqs (25) and (27) 
respectively. 

4.1.2 Investigation of exact solution for concentration profile 

Implementing LT on Eq. (20), and bearing the definition of LT 
of C derivative, we get 

𝜕2𝜙(𝜁,𝑡)

𝜕𝜉2 = 𝑆𝑐  𝑞𝑛𝜙̅(𝜁, 𝑞) = 0,     (29) 

Along with the transformed boundary conditions 

𝜙̅(0, 𝑞) = 𝐻(𝑞), 𝜙̅(1, 𝑞) =
1

𝑞
.  (30) 

Inserting the prescribed boundary conditions of Eq. (30) while 
solving Eq. (29), the solution obtained will be 

𝜙̅(𝜁, 𝑞) = 𝑞𝐻(𝑞) (
𝑠𝑖𝑛ℎ((1−𝜁)√𝑆𝑐𝑞𝑛)

𝑞𝑠𝑖𝑛ℎ(√𝑆𝑐𝑞𝑛)
) + (

𝑠𝑖𝑛ℎ(𝜁√𝑆𝑐𝑞𝑛)

𝑞𝑠𝑖𝑛ℎ(√𝑆𝑐𝑞𝑛)
),  (31) 

To find the solution ϕ1(ζ, q), we write it in a simplified form as 
below  

𝜙1(𝜁, 𝑞) =
𝑒(1−𝜁)√𝑆𝑐𝑞𝑛

−𝑒−(1−𝜁)√𝑆𝑐𝑞𝑛

𝑞(𝑒√𝑆𝑐𝑞𝑛
−𝑒−√𝑆𝑐𝑞𝑛

)
=

∑ (
𝑒−(2𝑛−𝜁)√𝑆𝑐𝑞𝑛

𝑞
−

𝑒−(2𝑛+2−𝜁)√𝑆𝑐𝑞𝑛

𝑞
) .∞

𝑛=0   

(32) 

Implement the inverse LT in Eq. (32) as 

𝜙1(𝜁, 𝑞) = ∑ (∑
(−1)𝑘(2𝑛+𝜁)𝑘(𝑆𝑐)

𝑘
2⁄

𝑘!Γ(1−
𝑘𝜂

2
)

∞
𝑘=0 𝑡−

𝑘𝜂

2 −∞
𝑛=0

∑
(−1)𝑘(2𝑛+2−𝜁)𝑘(𝑆𝑐)

𝑘
2⁄

𝑘!𝛤(1−
𝑘𝜂

2
)

∞
𝑘=0 𝑡−

𝑘𝜂

2 ) .  

(33) 

The expression of ϕ2(ζ, q) in the simplest form is 

𝜙1(𝜁, 𝑞) =
𝑒√𝑆𝑐𝑞𝑛

−𝑒−𝜁√𝑆𝑐𝑞𝑛

𝑞(𝑒√𝑆𝑐𝑞𝑛
−𝑒−√𝑆𝑐𝑞𝑛

)
=

∑ (
𝑒−(2𝑛+1−𝜁)√𝑆𝑐𝑞𝑛

𝑞
−

𝑒−(2𝑛+1+𝜁)√𝑆𝑐𝑞𝑛

𝑞
) .∞

𝑛=0   

(34) 

And employing the inverse LT on Eq. (34), the solution will be 

𝜙2(𝜁, 𝑡) = ∑ (∑
(−1)𝑘(2𝑛+1−𝜁)𝑘(𝑆𝑐)

𝑘
2⁄

𝑘!Γ(1−
𝑘𝜂

2
)

∞
𝑘=0 𝑡−

𝑘𝜂

2 −∞
𝑛=0

∑
(−1)𝑘(2𝑛+1+𝜁)𝑘(𝑆𝑐)

𝑘
2⁄

𝑘!𝛤(1−
𝑘𝜂

2
)

∞
𝑘=0 𝑡−

𝑘𝜂

2 ) .   

(35) 

Now apply the inverse LT on Eq. (31) as 

𝜙(𝜁, 𝑡) = ∫ ℎ 
′

(𝑡 − 𝜏)𝜙1(𝜁, 𝜏)𝑑𝜏 + 𝜙2(𝜁, 𝑡),
𝑡

0
  (36) 

where 𝜙1(𝜁, 𝑡) and 𝜙2(𝜁, 𝑡) are presented in Eqs (33) and (35), 
respectively. 

4.1.3 Investigation of exact solution for velocity profile 

Applying the LT into Eq. (18), we get 

(
1+𝜆𝑞𝑛

1+𝜆1
)

𝜕2𝜔̅(𝜁,𝑞)

𝜕𝜉2 − (𝑞𝑛 +
1

𝑘
+ 𝐻𝛼

2) 𝜔̅(𝜁, 𝑞) =

−𝐺𝑟𝜗̅(𝜁, 𝑡) − 𝐺𝑐𝜙̅(𝜁, 𝑡).  
(37) 

After rearranging the above equation, we attain 

𝜕2𝜔̅(𝜁,𝑞)

𝜕𝜉2 − Υ1𝜔̅(𝜁, 𝑞) =
−𝐺𝑟

Υ0
𝜗̅(𝜁, 𝑡) −

−𝐺𝑐

𝛶0
𝜙̅(𝜁, 𝑡),  (38) 

where Υ0 =
1+𝜆𝑞𝑛

1+𝜆1
, Υ1 = 𝑞𝑛 +

1

𝑘
+ 𝐻𝛼

2, Υ2 =
𝛶1

𝛶0
.  

The Laplace boundary conditions are 

𝜔̅(0, 𝑞) = 𝐹(𝑞), 𝜔̅(1, 𝑞) =  (39) 

Introducing Eqs (23) and (31) into Eq. (38), the velocity 
solution in abridged form is 

𝜔̅(𝜁, 𝑞) =
𝐹(𝑞)

𝑠𝑖𝑛ℎ√𝛶2
𝑠𝑖𝑛ℎ ((1 − 𝜁)√𝛶2) +

 
𝐺𝑟

𝑞𝛶0(𝑃𝑟𝑞𝑛−𝛶2)𝑠𝑖𝑛ℎ√𝛶2
(𝑞𝐺(𝑞)sinh (1 − 𝜁)√𝛶2) −

sinh (𝜁√𝛶2)) −

 
𝐺𝑟

𝑞𝛶0(𝑃𝑟𝑞𝑛−𝛶2)𝑠𝑖𝑛ℎ√𝑃𝑟𝑞𝑛 (𝑞𝐺(𝑞)sinh (1 − 𝜁)√𝑃𝑟𝑞𝑛) −

sinh (𝜁√𝑃𝑟𝑞𝑛)) +

  
𝐺𝑐

𝑞𝛶0(𝑆𝑐𝑞𝑛−𝛶2)𝑠𝑖𝑛ℎ√𝛶2
(𝑞𝐻(𝑞)sinh (1 − 𝜁)√𝛶2) −

sinh (𝜁√𝛶2)) −

   
𝐺𝑐

𝑞𝛶0(𝑆𝑐𝑞𝑛−𝛶2)𝑠𝑖𝑛ℎ√𝑆𝑐𝑞𝑛 (𝑞𝐻(𝑞) sinh(1 − 𝜁) √𝑆𝑐𝑞𝑛) −

sinh(𝜁√𝑆𝑐𝑞𝑛)).   

(40) 

In order to find its inverse Laplace, we write the velocity 
expression in a suitable form 

𝜔̅(𝜁, 𝑞) = 𝜔1(𝜁, 𝑞) + 𝜔2(𝜁, 𝑞) − 𝜔3(𝜁, 𝑞) +
 𝜔4(𝜁, 𝑞) − 𝜔5(𝜁, 𝑞)                            

(41) 

𝑤here 

𝜔1(𝜁, 𝑞) =
𝐹(𝑞)

𝑠𝑖𝑛ℎ√𝛶2
𝑠𝑖𝑛ℎ ((1 − 𝜁)√𝛶2),  

= 𝐹(𝑞)
𝑒(1−𝜁)√𝛶2−𝑒−(1−𝜁)√𝛶2

𝑒√𝛶2−𝑒−√𝛶2
,  

= 𝐹(𝑞) ∑ (𝑒−(2𝑛+𝜁)√𝛶2 − 𝑒−(2𝑛+2+𝜁)√𝛶2) .∞
𝑛=0    

(42) 

Eq. (42) in the simplest form as 

𝜔1(𝜁, 𝑞) = 𝐹(𝑞)((𝑃(𝜁, 𝑞) − 𝑄(𝜁, 𝑞)),  (43) 

where 

𝑃(𝜁, 𝑞) = 𝑒−(2𝑛+𝜁)√Υ2 =

∑ ∑
(−𝛶3)𝑘

𝑘!

∞
𝑘=0 ∑

Γ(
𝑘

2
+1)

(
𝑘

2
−𝑙+1)

(
1

𝜆
)

𝑘

2
−𝑙

(𝑏 −∞
𝑙=0

∞
𝑛=0

1

𝜆
)

𝑙
∑ (−1)𝑝 Γ(𝑙+𝑝)

𝑝!Γ𝑙
𝜆𝑝𝑞𝜂𝑝,∞

𝑝=0   

(44) 

where  𝛶3 = (2𝑛 + 𝜁)√1 + 𝜆1 and 𝑏 =
1

𝑘
+ 𝐻𝛼

2 .  

 P(ζ, t) can be obtained by applying the inverse LT on the 
above equation 

𝑃(𝜁, 𝑡) = 𝑒−(2𝑛−𝜁)√𝛶2   

= ∑ ∑
(−𝛶3)𝑘

𝑘!

∞
𝑘=0 ∑

Γ(
𝑘

2
+1)

(
𝑘

2
−𝑙+1)

(
1

𝜆
)

𝑘

2
−𝑚

(𝑏 −∞
𝑙=0

∞
𝑛=0

1

𝜆
)

𝑙
∑ (−1)𝑝 Γ(𝑙+𝑝)

𝑝!Γ𝑙
𝜆𝑝 𝑡−𝜂𝑝+1

𝛤(−𝜂𝑝)
.∞

𝑝=0   

  
(45) 
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Here, 

𝑄(𝜁, 𝑞) = 𝑒−(2𝑛+𝜁)√Υ2  =

∑ ∑
(−𝛶4)𝑘

𝑘!

∞
𝑘=0 ∑

Γ(
𝑘

2
+1)

(
𝑘

2
−𝑙+1)

(
1

𝜆
)

𝑘

2
−𝑙

(𝑏 −∞
𝑙=0

∞
𝑛=0

1

𝜆
)

𝑙
∑ (−1)𝑝 Γ(𝑙+𝑝)

𝑝!Γ𝑙
𝜆𝑝𝑞𝜂𝑝,∞

𝑝=0   

(46) 

where  𝛶3 = (2𝑛 + 2 − 𝜁)√1 + 𝜆1 and 𝑏 =
1

𝑘
+ 𝐻𝛼

2. 

Applying the inverse LT on the above equation 

𝑄(𝜁, 𝑡) = 𝑒−(2𝑛−𝜁)√𝛶2 =

∑ ∑
(−𝛶4)𝑘

𝑘!

∞
𝑘=0 ∑

Γ(
𝑘

2
+1)

(
𝑘

2
−𝑙+1)

(
1

𝜆
)

𝑘

2
−𝑙

(𝑏 −∞
𝑙=0

∞
𝑛=0

1

𝜆
)

𝑙
∑ (−1)𝑝 Γ(𝑙+𝑝)

𝑝!Γ𝑙
𝜆𝑝 𝑡−𝜂𝑝+1

𝛤(−𝜂𝑝)
.∞

𝑝=0   

(47) 

Keeping in view Eqs (45) and  (47) and implementing the 
inverse LT on Eq. (43), the expression obtained for ω1(ζ, t) is as 
stated below 

𝜔1(𝜁, 𝑡) = 𝑓(𝑡) ∗ (𝑃(𝜁, 𝑡) − 𝑄(𝜁, 𝑡)).  (48) 

and 𝜔2(𝜁, 𝑞) is expressed as 

𝜔2(𝜁, 𝑞) =
𝐺𝑟

𝑞𝛶0(𝑃𝑟𝑞𝑛−𝛶2)𝑠𝑖𝑛ℎ√𝛶2
(𝑞𝐺(𝑞)sinh (1 −

𝜁)√𝛶2) − sinh (𝜁√𝛶2))  
(49) 

The simplified form of the expression ω2(ζ, q) is 

𝜔2(𝜁, 𝑞) = 𝐺𝑟(1 + 𝜆1)𝐼(𝜁, 𝑞)((𝑞𝐺(𝑞)𝑅(𝜁, 𝑞) −
(𝜁, 𝑞)),  

(50) 

where 

𝐼(𝜁, 𝑞) =
1

(𝑃𝑟𝑞𝑛(1+𝜆𝑞𝑛)−(𝑞𝑛+𝑏)(1+𝜆1))
,  (51) 

and its inverse LT 

𝐼(𝜁, 𝑞) = − ∑ ∑
𝑎0

𝑛−𝑘𝑏0
𝑘

𝑐0
𝑛+1

𝑛!

𝑘!(𝑛−𝑘)!

𝑡𝜂(𝑘−2𝑛)−1

Γ𝑛(𝑘−2𝑛)
,∞

𝑛=0
∞
𝑛=0   (52) 

𝑤here 𝑎0 = 𝑃𝑟𝜆, 𝑏0 = 𝑃𝑟 − 1 − 𝜆1, 𝑐0 = 𝑏(1 + 𝜆1). 
Here,  

𝑅(𝜁, 𝑞) =
𝑠𝑖𝑛ℎ ((1−𝜁)√𝛶2)

𝑞𝑠𝑖𝑛ℎ√𝛶2
,  (53) 

𝑅(𝜁, 𝑞) =
𝑠𝑖𝑛ℎ (𝜁√𝛶2)

𝑞𝑠𝑖𝑛ℎ√𝛶2
,  

(54) 

Inverse LT on Eqs (53) and (54) is stated below as 
𝑅(𝜁, 𝑡) =

∑ ∑
((−𝛶3)𝑘−(−𝛶4)𝑘)

𝑛!

∞
𝑘=0 ∑

Γ(
𝑘

2
+1)

(
𝑘

2
−𝑙+1)

(
1

𝜆
)

𝑘

2
−𝑚

(𝑏 −∞
𝑙=0

∞
𝑛=0

1

𝜆
)

𝑙
∑ (−1)𝑝 Γ(𝑙+𝑝)

𝑝!Γ𝑙
𝜆𝑝 𝑡−𝜂𝑝+1

𝛤(−𝜂𝑝)
,∞

𝑝=0   

(55) 

where 

𝛶3 = (2𝑛 + 𝜁)√1 + 𝜆1  and 𝛶4 = (2𝑛 + 2 − 𝜁)√1 + 𝜆1 

𝑆(𝜁, 𝑡) =

∑ ∑
((−𝛶5)𝑘−(−𝛶6)𝑘)

𝑛!

∞
𝑘=0 ∑

Γ(
𝑘

2
+1)

(
𝑘

2
−𝑙+1)

(
1

𝜆
)

𝑘

2
−𝑚

(𝑏 −∞
𝑙=0

∞
𝑛=0

1

𝜆
)

𝑙
∑ (−1)𝑝 Γ(𝑙+𝑝)

𝑝!Γ𝑙
𝜆𝑝 𝑡−𝜂𝑝+1

𝛤(−𝜂𝑝)
,∞

𝑝=0   

(56) 

𝛶5 = (2𝑛 + 1 + 𝜁)√1 + 𝜆1 and 𝛶6 = (2𝑛 + 1 + 𝜁)√1 + 𝜆1 

Applying the inverse LT in Eq. (50) 

𝜔2(𝜁, 𝑡) = 𝐺𝑟(1 + 𝜆1)𝐼(𝜁, 𝑡)

∗ (𝑔 ′(𝑡) ∗ 𝑅(𝜁, 𝑡) − 𝑆(𝜁, 𝑡)), (57) 

where we get the values of 𝐼(𝜁, 𝑡), 𝑅(𝜁, 𝑡) and 𝑆(𝜁, 𝑡) from Eq. 
(52), Eq. (55)  and Eq. (56) respectively. 

Let us consider now 

𝜔3(𝜁, 𝑡) =
𝐺𝑟

𝑞𝛶0(𝑃𝑟𝑞𝑛−𝛶2)𝑠𝑖𝑛ℎ√𝑃𝑟𝑞𝑛 (𝑞𝐺(𝑞)sinh (1 −

𝜁)√𝑃𝑟𝑞𝑛) − sinh (𝜁√𝑃𝑟𝑞𝑛))  =
𝐺𝑟(1+𝜆1)

(𝑃𝑟𝑞𝑛(1+𝜆𝑞𝑛)−(𝑞𝑛+𝑏)(1+𝜆1))
 * 

(
𝑞𝐺(𝑞)𝑠𝑖𝑛ℎ (1−𝜁)√𝑃𝑟𝑞𝑛)−𝑠𝑖𝑛ℎ (𝜁√𝑃𝑟𝑞𝑛)

𝑞𝑠𝑖𝑛ℎ√𝑃𝑟𝑞𝑛 )  

(58) 

In simplest form ω3(ζ, q) is expressed as 

𝜔3(𝜁, 𝑞) = 𝐺𝑟(1 + 𝜆1)𝐼(𝜁, 𝑞)(𝑞(𝐺(𝑞)𝜗1(𝜁, 𝑞) −

𝜗2(𝜁, 𝑞)),  
(59) 

and its inverse LT expression as 

𝜔3(𝜁, 𝑞) = 𝐺𝑟(1 + 𝜆1)𝐼(𝜁, 𝑞)

∗ (𝑔 ′(𝑡) ∗ 𝜗1(𝜁, 𝑞) − 𝜗2(𝜁, 𝑞)), (60) 

where  𝐼(𝜁, 𝑞), 𝜗1(𝜁, 𝑞), 𝜗2(𝜁, 𝑞) are expressed in Eqs (52), 
(25), and (27), respectively. 

Now consider, 

𝜔4(𝜁, 𝑞) =
𝐺𝑐

𝑞𝛶0(𝑆𝑐𝑞𝑛−𝛶2)𝑠𝑖𝑛ℎ√𝛶2
(𝑞𝐻(𝑞)sinh (1 −

𝜁)√𝛶2) − sinh (𝜁√𝛶2)) =
𝐺𝑐(1+𝜆1)

(𝑆𝑐𝑞𝑛(1+𝜆𝑞𝑛)−(𝑞𝑛+𝑏)(1+𝜆1))
∗

(
𝑞𝐻(𝑞)𝑠𝑖𝑛ℎ (1−𝜁)√𝛶2)−𝑠𝑖𝑛ℎ (𝜁√𝛶2)

𝑞𝑠𝑖𝑛ℎ√𝛶2
).  

(61) 

𝜔4(𝜁, 𝑞) = 𝐺𝑐(1 + 𝜆1)𝐽(𝜁, 𝑞)(𝑞(𝐻(𝑞)𝑅(𝜁, 𝑞) −

𝑆(𝜁, 𝑞)),  

(62) 

where 

𝐽(𝜁, 𝑞) =
1

(𝑆𝑐𝑞𝑛(1+𝜆𝑞𝑛)−(𝑞𝑛+𝑏)(1+𝜆1))
.  (63) 

Implementing the LT in EQ. (63) gives 

𝐽(𝜁, 𝑡) = − ∑ ∑
𝑑0

𝑛−𝑘𝑒0
𝑘

𝑐0
𝑛+1

∞
𝑘=0

∞
𝑛=0

𝑡𝜂(𝑘−2𝑛)−1

𝛤𝜂(𝑘−2𝑛)
,  (64) 

where 𝑑0 = 𝑆𝑐𝜆,   𝑒0 = 𝑆𝑐 − 1 − 𝜆1, 𝑐0 = 𝑏(1 + 𝜆1).  
 The ω4(ζ, q) expression takes the form 

𝜔4(𝜁, 𝑡) = 𝐺𝑐(1 + 𝜆1)𝐽(𝜁, 𝑡)

∗ (ℎ ′(𝑡) ∗ 𝑅(𝜁, 𝑡) − 𝑆(𝜁, 𝑡)), (65) 

where we get the values of 𝐽(𝜁, 𝑡), 𝑅(𝜁, 𝑡) and 𝑆(𝜁, 𝑡) from Eqs 
(64), (55) and (56), respectively. 

𝜔5(𝜁, 𝑞) =
𝐺𝑐

𝑞𝛶0(𝑆𝑐𝑞𝑛−𝛶2)𝑠𝑖𝑛ℎ√𝑆𝑐𝑞𝑛 (𝑞𝐻(𝑞)sinh (1 −

𝜁)√𝑆𝑐𝑞𝑛) − sinh (𝜁√𝑆𝑐𝑞𝑛)) =
𝐺𝑟(1+𝜆1)

(𝑆𝑐𝑞𝑛(1+𝜆𝑞𝑛)−(𝑞𝑛+𝑏)(1+𝜆1))
∗

(
𝑞𝐺(𝑞)𝑠𝑖𝑛ℎ (1−𝜁)√𝑆𝑐𝑞𝑛)−𝑠𝑖𝑛ℎ (𝜁√𝑆𝑐𝑞𝑛)

𝑞𝑠𝑖𝑛ℎ√𝑃𝑟𝑞𝑛 )  

(66) 
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In simplest form, we can write it as 

𝜔5(𝜁, 𝑞) = 𝐺𝑐(1 + 𝜆1)𝐽(𝜁, 𝑞)(𝑞(𝐻(𝑞)𝜙1(𝜁, 𝑞) −

𝜙2(𝜁, 𝑞)),  
(67) 

And its inverse LT 

𝜔5(𝜁, 𝑞) = 𝐺𝑐(1 + 𝜆1)𝐽(𝜁, 𝑡)

∗ (ℎ ′(𝑡) ∗ 𝜙1(𝜁, 𝑡) − 𝜙2(𝜁, 𝑡)),   (68) 

where 𝐽(𝜁, 𝑡), 𝜙1(𝜁, 𝑡), 𝜙2(𝜁, 𝑡)  are obtained in Eqs (64), (33) 
and (35), respectively. 

Introducing the expression of ω1(ζ, t),  ω2(ζ, t),  ω3(ζ, t), 
ω4(ζ, t), ω5(ζ, t) from Eqs (48), (57),  

(60), (65) and (68), respectively, into Eq. (41) after 
implementing the LT, the exact velocity solution is achieved as 

𝜔(𝜁, 𝑡) = 𝜔1(𝜁, 𝑡) + 𝜔2(𝜁, 𝑡) − 𝜔3(𝜁, 𝑡) +
 𝜔4(𝜁, 𝑡) −  𝜔5(𝜁, 𝑡)  

(69) 

The solution obtained for velocity in Eq. (69) (with Gc = 0) is 
similar to the solution attained in literature [40]. 

4.2. Caputo Fabrizio formulation and solution 

Replace the time deriavtive with the CF fractional derivative 
into Eqs (9)–(11) as, 

CF 𝐷𝑡
𝜂

𝜔(𝜁, 𝑡) =
1

1+𝜆1
(1 + 𝜆 CF 𝐷𝑡

𝜂
)

𝜕2𝜔(𝜁,𝑡)

𝜕𝜁2 −

(
1

𝐾
+ 𝐻𝑎

2) 𝜔(𝜁, 𝑡) + 𝐺𝑟𝜗(𝜁, 𝑡) + 𝐺𝑐Φ(𝜁, 𝑡),  
(70) 

𝑃𝑟
 CF 𝐷𝑡

𝜂
𝜗(𝜁, 𝑡) =

𝜕2𝜔(𝜁,𝑡)

𝜕𝜁2 , (71) 

𝑆𝑐
 CF 𝐷𝑡

𝜂
Φ(𝜁, 𝑡) =

𝜕2Φ(𝜁,𝑡)

𝜕𝜁2 ,  (72) 

4.2.1  Investigation of exact solution of  
          for temperature profile 

By introducing the LT into Eq. (71) we get 

𝜕2𝜗(𝜁,𝑞)

𝜕𝜁2 −
𝑃𝑟𝑞𝑧0

𝑞+𝛾
𝜗(𝜁, 𝑞) = 0,  (73) 

where 𝑧0 =
1

1−𝜂
, 𝛾 = 𝜂𝑧0 and 𝜗(𝜁, 𝑞) meets the prescribed 

conditions below 

𝜗(0, 𝑞) = 𝐺(𝑞), 𝜗(1, 𝑞) =
1

𝑞
.        (74) 

The implementation of prescribed boundary conditions Eq. 
(74) on solving the above differential equations produce the 
solution 

𝜗(𝜁, 𝑞) = 𝑞𝐺(𝑞) (
sinh((1−𝜁)√

𝑃𝑟𝑧0𝑞

𝑞+𝛾
) 

𝑞 sinh(√
𝑃𝑟𝑧0𝑞

𝑞+𝛾
 )

) +

(
sinh(𝜁√

𝑃𝑟𝑧0𝑞

𝑞+𝛾
) 

𝑞 sinh(√
𝑃𝑟𝑧0𝑞

𝑞+𝛾
 )

) = 𝑔𝐺(𝑞)𝜗1(𝜁, 𝑞) + 𝜗2(𝜁, 𝑞).  

(75) 

The expression of ϑ1(ζ, t), ϑ2(ζ, t)  after employing the 

inverse LT on ϑ1(ζ, q), ϑ2(ζ, q) respectively, is 

𝜗1(𝜁, 𝑡) =

∑ ∑
(−Ξ0)𝑘−(−Ξ1)𝑘

𝑘!

∞
𝑘=1

∞
𝑛=0 ∗ ∑

𝑘

2!

𝑚!(
𝑘

2
−𝑚)!

∞
𝑚=0 (−1)𝑚 ∗

∑ (−1)𝑝 (𝑚+𝑝−1)!

𝑝!(𝑚−1)!
𝛾−𝑝∞

𝑝=0
𝑡−𝑝

Γ(−𝑝+1)
  

(76) 

where Ξ0 = (2𝑛 + 𝜁)√𝑃𝑟𝑧0 and Ξ1 = (2𝑛 + 2 − 𝜁)√𝑃𝑟𝑧0. 

𝜗2(𝜁, 𝑡) =

∑
2𝑃𝑟

𝜋

∞
𝑛=0 ∫ (

sin(
2𝑛+1+𝜁

√1−𝜂
𝑥)−sin(

2𝑛+1−𝜁

√1−𝜂
𝑥)

𝑥(𝑃𝑟+𝑥2)
)

∞

0
𝑒

−𝜂

1−𝜂
𝑡𝑥2

𝑑𝑥.         (77) 

The inverse LT of Eq. (75) is 

 𝜗(𝜁, 𝑡) = ∫ 𝑔′(𝑡 − 𝜏)𝜗1(𝜁, 𝜏)𝑑𝜏 + 𝜗2(𝜁, 𝑡),
𝑡

0
      (78) 

where 𝜗1(𝜁, 𝑡) and 𝜗2(𝜁, 𝑡) are expressed in Eqs (77) and (78), 
respectively. 

4.2.2  Investigation of exact solution for concentration profile 

Implement the LT into Eq. (72), and on solving we get  

𝜕2Φ(𝜁,𝑞)

𝜕𝜁2 −
𝑆𝑐𝑞𝑧0

𝑞+𝛾
Φ(𝜁, 𝑞) = 0,        (79) 

where 𝑧0 =
1

1−𝜂
, 𝛾 = 𝜂𝑧0  and  Φ(𝜁, 𝑞) satisfies the prescribed 

conditions 

Φ(0, 𝑞) = 𝐻(𝑞), Φ(1, 𝑞) =
1

𝑞
                      (80) 

The implementation of the prescribed boundary conditions Eq. 
(80) on solving the above differential equations produce the 
solution of concentration as 

Φ(𝜁, 𝑞) = 𝑞𝐻(𝑞) (
sinh((1−𝜁)√

𝑆𝑐𝑧0𝑞

𝑞+𝛾
) 

𝑞 sinh(√
𝑆𝑐𝑧0𝑞

𝑞+𝛾
 )

) +

(
sinh(𝜁√

𝑆𝑐𝑧0𝑞

𝑞+𝛾
) 

𝑞 sinh(√
𝑆𝑐𝑧0𝑞

𝑞+𝛾
 )

)      = 𝑔𝐻(𝑞)Φ1(𝜁, 𝑞) + Φ2(𝜁, 𝑞).  

(81) 

 

Employ the inverse LT on Φ1(𝜁, 𝑞) 

Φ1(𝜁, 𝑞) =

∑ ∑
(−Ξ0)𝑘−(−Ξ1)𝑘

𝑘!

∞
𝑘=1

∞
𝑛=0 ∗ ∑

𝑘

2!

𝑚!(
𝑘

2
−𝑚)!

∞
𝑚=0 (−1)𝑚 ∗

∑ (−1)𝑝 (𝑚+𝑝−1)!

𝑝!(𝑚−1)!
𝛾−𝑝∞

𝑝=0
𝑡−𝑝

Γ(−𝑝+1)
  

(82) 

where Ξ0 = (2𝑛 + 𝜁)√𝑆𝑐𝑧0 and Ξ1 = (2𝑛 + 2 − 𝜁)√𝑆𝑐𝑧0. 

Implementing the inverse LT on Φ2(ζ, q) 

Φ2(𝜁, 𝑞) =

∑
2𝑆𝑐

𝜋

∞
𝑛=0 ∫ (

sin(
2𝑛+1+𝜁

√1−𝜂
𝑥)−sin(

2𝑛+1−𝜁

√1−𝜂
𝑥)

𝑥(𝑆𝑐+𝑥2)
)

∞

0
𝑒

−𝜂

1−𝜂
𝑡𝑥2

𝑑𝑥.   

(83) 
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Taking inverse LT in Eq. (81), we will get the expression of 

Φ(ζ, t) 

Φ(𝜁, 𝑡) = ∫ ℎ′(𝑡 − 𝜏)Φ1(𝜁, 𝜏)𝑑𝜏 + Φ2(𝜁, 𝑡),
𝑡

0
   (84) 

where Φ1(𝜁, 𝑡)  and  Φ2(𝜁, 𝑡)  are expressed in Eqs (82) and 
(83), respectively. 

4.2.3  Investigation of exact solution for velocity profile 

Applying the LT in Eq. (70), using the LT formula for CF 
derivative and bearing in mind the corresponding initial condition, 
we get 

(
𝑞𝑧1+𝛾

(1+𝜆1)(𝑞+𝛾)
)

𝜕2ω(𝜁,𝑞)

𝜕𝜁2 − (
𝑞𝑧0

𝑞+𝛾
+

1

𝐾
+ 𝐻𝑎

2) 𝜔(𝜁, 𝑞) =

−𝐺𝑟𝜗(𝜁, 𝑞) = −𝐺𝑐Φ(𝜁, 𝑞),  

(85) 

𝜕2𝜔(𝜁,𝑞)

𝜕𝜁2 − Λ2𝜔(𝜁, 𝑞) =
−𝐺𝑟

Λ0
𝜗(𝜁, 𝑞) −

−𝐺𝑐

Λ0
Φ(𝜁, 𝑞),  (86) 

where 𝑧0 =
1

1−𝜂
, 𝑧1 = 1 + 𝜆𝑧0, Λ0 = (

𝑞𝑧1+𝛾

(1+𝜆1)(𝑞+𝛾)
) , Λ1 =

(
𝑞𝑧0

𝑞+𝛾
+

1

𝐾
+ 𝐻𝑎

2) and Λ2 =
Λ1

Λ0
. 

The boundary conditions after embedding the LT are 

𝜔 = (0, 𝑞) = 𝐹(𝑞), 𝜔 = (1, 𝑞) = 0.  (87) 

After inserting Eq. (75) into Eq. (86), the solution for Eq. (81) 
is obtained as 

𝜔(𝜁, 𝑞) =
𝐹(𝑞)

sinh √Λ2
sinh ((1 − 𝜁)√Λ2)  

+
𝐺𝑟

𝑞Λ0(
𝑃𝑟𝑧0𝑞

𝑞+𝛾
−Λ2) sinh √Λ2

(𝑞𝐺(𝑞) sinh ((1 − 𝜁)√Λ2) −

sinh(𝜁√Λ2)) −

𝐺𝑟

𝑞Λ0(
𝑃𝑟𝑧0𝑞

𝑞+𝛾
−Λ2) sinh √

𝑃𝑟𝑧0𝑞

𝑞+𝛾

(𝑞𝐺(𝑞) sinh ((1 −

𝜁)√
𝑃𝑟𝑧0𝑞

𝑞+𝛾
) − sinh (𝜁√

𝑃𝑟𝑧0𝑞

𝑞+𝛾
)) +

𝐺𝑐

𝑞Λ0(
𝑆𝑐𝑧0𝑞

𝑞+𝛾
−Λ2) sinh √Λ2

(𝑞𝐻(𝑞) sinh ((1 − 𝜁)√Λ2) −

sinh(𝜁√Λ2)) −

𝐺𝑐

𝑞Λ0(
𝑆𝑐𝑧0𝑞

𝑞+𝛾
−Λ2) sinh √

𝑆𝑐𝑧0𝑞

𝑞+𝛾

(𝑞𝐻(𝑞) sinh ((1 −

𝜁)√
𝑆𝑐𝑧0𝑞

𝑞+𝛾
) − sinh (𝜁√

𝑆𝑐𝑧0𝑞

𝑞+𝛾
)).      

(88) 

For suitable presentation of velocity equation, we rewrite Eq. 
(88) into the following simplified form 

𝜔(𝜁, 𝑞) = 𝜔1(𝜁, 𝑞) + 𝜔2(𝜁, 𝑞) − 𝜔3(𝜁, 𝑞) +
𝜔4(𝜁, 𝑞) − 𝜔5(𝜁, 𝑞),  

(89) 

where 

𝜔1(𝜁, 𝑞) =
𝐹(𝑞)

sinh √Λ2

sinh ((1 − 𝜁)√Λ2)

= 𝐹(𝑞)𝐿(𝜁, 𝑞).  

 
(90) 

Employing the inverse LT on L(ζ, q), we arrived at 

𝐿(𝜁, 𝑡) = ∑ ∑
((−Ξ4)𝑘−(−Ξ5)𝑘)

𝑘!
(1 +∞

𝑘=0
∞
𝑛=0

𝜆1)
𝑘

2 ∑
𝑘

2!

𝑚!(
𝑘

2
−𝑚)!

(𝑧3)
𝑘

2
−𝑚(𝑧4)𝑚∞

𝑚=0  

× ∑ (−1)𝑝 (𝑚+𝑝−1)!

𝑝!(𝑚−1)!
𝛾−(𝑚+𝑝)(𝑧1)𝑝 𝑡−(𝑝+1)

Γ(−𝑝)
 ∞

𝑝=0  

 
(91) 

 

where 𝑏 =
1

𝑘
+ 𝐻𝑎

2, 𝑧0 =
1

1−𝜂
, 𝑧1 = 1 + 𝜆𝑧0, 𝑧2 = 𝑧0 + 𝑏,  

 𝑧3 =
𝑧2

𝑧1
, 𝑧4 = 𝛾(𝑏 − 𝑧3), Ξ0 = (2𝑛 + 𝜁) and 

 Ξ1 = (2𝑛 + 2 − 𝜁). 
Implementing the inverse LT of Eq. (90) while bearing in mind 

Eq. (91), we obtain 

𝜔1(𝜁, 𝑡) = 𝑓(𝑡) ∗ 𝐿(𝜁, 𝑡).  (92) 

The expression of ω2(ζ, q) is 

𝜔2(𝜁, 𝑞) =
𝐺𝑟

𝑞Λ0(
𝑃𝑟𝑧0𝑞

𝑞+𝛾
−Λ2) sinh √Λ2

(𝑞𝐺(𝑞) sinh ((1 −

𝜁)√Λ2) − sinh(𝜁√Λ2)),   

(93) 

and in the simplest form 

𝜔2(𝜁, 𝑞) = 𝐺𝑟(1 + 𝜆1)𝐼1(𝜁, 𝑞)(𝑞𝐺(𝑞)𝑅1(𝜁, 𝑞) −

𝑆1(𝜁, 𝑞))  

(94) 

where 

𝐼1(𝜁, 𝑞) =
1

(𝑃𝑟𝑧0𝑞(𝑞𝑧1+𝛾)−(𝑞𝑧2+𝑏𝛾)(𝑞+𝛾)(1+𝜆1))
,   (95) 

 
And its inverse LT is 

𝐼1(𝜁, 𝑡) = − ∑ ∑
𝑓0

𝑛−𝑘𝑔0
𝑘

ℎ0
𝑛+1  

𝑛!

𝑘!(𝑛−𝑘)!
 
𝑡𝜂(𝑘−2𝑛)−1

Γ𝜂(𝑘−2𝑛)
,∞

𝑘=0
∞
𝑛=0   

(96) 

where 𝑓0 = (𝑃𝑟𝑧0𝑧1 − 𝑧2(1 + 𝜆1)),  𝑔0 = (𝑃𝑟𝑧0𝛾 −

𝑧2(1 + 𝜆1) − 𝑏𝛾(1 + 𝜆1)), ℎ0 = 𝑏𝛾2(1 + 𝜆1) 

𝑅1(𝜁, 𝑞) =
(𝑞+𝛾)2 sinh((1−𝜁)√Λ2)

𝑞 sinh √Λ2
,   

(97) 

 

𝑆1(𝜁, 𝑞) =
(𝑞+𝛾)2 sinh(𝜁√Λ2)

𝑞 sinh √Λ2
.  (98) 

Inverse LT in Eqs (97) and (98) is transformed into 

𝑅1(𝜁, 𝑞) =

∑
2!

𝛽!(2−𝛽)!

2
𝛽=0 ∑ ∑

((−Ξ4)𝑘−(−Ξ5)𝑘)

𝑘!
(1 +∞

𝑘=0
∞
𝑛=0

𝜆1)
𝑘

2 ∑
𝑘

2!

𝑚!(
𝑘

2
−𝑚)!

(𝑧3)
𝑘

2
−𝑚(𝑧4)𝑚∞

𝑚=0 ×

∑ (−1)𝑝 (𝑚+𝑝−1)!

𝑝!(𝑚−1)!
𝛾−(𝑚+𝑝+𝛽−2)(𝑧1)𝑝 𝑡−(𝛽+𝑝)

Γ(−(𝛽+𝑝)+1)
,∞

𝑝=0   

 

   (99) 

𝑆1(𝜁, 𝑞) =

∑
2!

𝛽!(2−𝛽)!

2
𝛽=0 ∑ ∑

((−Ξ6)𝑘−(−Ξ7)𝑘)

𝑘!
(1 +∞

𝑘=0
∞
𝑛=0

𝜆1)
𝑘

2 ∑
𝑘

2!

𝑚!(
𝑘

2
−𝑚)!

(𝑧3)
𝑘

2
−𝑚(𝑧4)𝑚∞

𝑚=0 ×

∑ (−1)𝑝 (𝑚+𝑝−1)!

𝑝!(𝑚−1)!
𝛾−(𝑚+𝑝+𝛽−2)(𝑧1)𝑝 𝑡−(𝛽+𝑝)

Γ(−(𝛽+𝑝)+1)
,∞

𝑝=0   

(100) 
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where 𝑏 =
1

𝑘
+ 𝐻𝑎

2,    𝑧0 =
1

1−𝜂
, 𝑧1 = 1 + 𝜆𝑧0,    𝑧2 = 𝑧0 +

𝑏, 𝑧3 =
𝑧2

𝑧1
, 𝑧4 = 𝛾(𝑏 − 𝑧3), Ξ4 = (2𝑛 + 𝜁) and 

 Ξ5 = (2𝑛 + 2 − 𝜁), Ξ6 = (2𝑛 + 1 − 𝜁)  and  Ξ7 = (2𝑛 +
1 + 𝜁). 

The 𝜔2(𝜁, 𝑡) is expressed as 

𝜔2(𝜁, 𝑡) = 𝐺𝑟(1 + 𝜆1)𝐼1(𝜁, 𝑡) ∗ (𝑔′(𝑡) ∗ 𝑅1(𝜁, 𝑡) −

𝑆 − 1 (𝜁, 𝑡))  

(101) 

where we get the values of 𝐼1(𝜁, 𝑡), 𝑅1(𝜁, 𝑡) and 𝑆1(𝜁, 𝑡) from 
Eqs (96), (99) and (100), respectively. 

Consider now, 

𝜔3(𝜁, 𝑞) =

𝐺𝑟

𝑞Λ0(
𝑃𝑟𝑧0𝑞

𝑞+𝛾
−Λ2) sinh √

𝑃𝑟𝑧0𝑞

𝑞+𝛾

(𝑞𝐺(𝑞) sinh ((1 −

𝜁)√
𝑃𝑟𝑧0𝑞

𝑞+𝛾
) − sinh (𝜁√

𝑃𝑟𝑧0𝑞

𝑞+𝛾
))  

(102) 

And the abridged form 

𝜔3(𝜁, 𝑞) = 𝐺𝑟(1 + 𝜆1)𝐼1(𝜁, 𝑞)(𝑞𝐺(𝑞)𝜑1(𝜁, 𝑞) −

𝜑2(𝜁, 𝑞)).  

(103) 

Taking the inverse LT in Eq. (103) 

𝜔3(𝜁, 𝑡) = 𝐺𝑟(1 + 𝜆1)𝐼1(𝜁, 𝑡) ∗ (𝑔′(𝑡) ∗ 𝜑1(𝜁, 𝑡) −

𝜑2(𝜁, 𝑡)),  

(104) 

where 𝐼1(𝜁, 𝑡), is obtained in Eq. (96), and 𝜑1(𝜁, 𝑡), 𝜑2(𝜁, 𝑡) are 
obtained as below 

𝜑1(𝜁, 𝑞) = 

∑
2!

𝛽!(2−𝛽)!

2
𝛽=0 ∑ ∑

((−Ξ0)𝑘−(−Ξ1)𝑘)

𝑘!
 ∞

𝑘=0
∞
𝑛=0   

∑
𝑘

2!

𝑚!(
𝑘

2
−𝑚)!

(−1)𝑚∞
𝑚=0   

∑ (−1)𝑝 (𝑚+𝑝−1)!

𝑝!(𝑚−1)!
𝛾−(𝛽+𝑝−2)(𝑧1)𝑝 𝑡−(𝛽+𝑝)

Γ(−(𝛽+𝑝)+1)
,∞

𝑝=0   

(105) 

where Ξ2 = (2𝑛 + 𝜁)√𝑃𝑟𝑧0  and Ξ3 = (2𝑛 + 2 − 𝜁)√𝑃𝑟𝑧0, 

and  

𝜑1(𝜁, 𝑞) =  

∑
2!

𝛽!(2−𝛽)!

2
𝛽=0 ∑ ∑

((−Ξ8)𝑘−(−Ξ9)𝑘)

𝑘!
 ∞

𝑘=0
∞
𝑛=0   

∑
𝑘

2!

𝑚!(
𝑘

2
−𝑚)!

(−1)𝑚∞
𝑚=0   

× ∑ (−1)𝑝 (𝑚+𝑝−1)!

𝑝!(𝑚−1)!
𝛾−(𝛽+𝑝−2)(𝑧1)𝑝 𝑡−(𝛽+𝑝)

Γ(−(𝛽+𝑝)+1)
,∞

𝑝=0   

(106) 

where Ξ8 = (2𝑛 + 1 − 𝜁)√𝑃𝑟𝑧0 andΞ9 = (2 + 1 + ζ)√Pr𝑧0. 

Here, 

𝜔4(𝜁, 𝑞) =
𝐺𝑐

𝑞Λ0(
𝑆𝑐𝑧0𝑞

𝑞+𝛾
−Λ2) sinh √Λ2

(𝑞𝐻(𝑞) sinh ((1 − 𝜁)√Λ2) −

sinh(𝜁√Λ2)),   

(107) 

which can be written in abridged form as 

𝜔4(𝜁, 𝑞) = 𝐺𝑟(1 + 𝜆1)𝐽1(𝜁, 𝑞)(𝑞𝐺(𝑞)𝑅1(𝜁, 𝑞) −

𝑆1(𝜁, 𝑞)),  

(108) 

 

where 

𝐽1(𝜁, 𝑞) =
1

(𝑆𝑐𝑧0𝑞(𝑞𝑧1+𝛾)−(𝑞𝑧2+𝑏𝛾)(𝑞+𝛾)(1+𝜆1))
  (109) 

And its inverse LT 

𝐽1(𝜁, 𝑡) = − ∑ ∑
𝑓01

𝑛−𝑘𝑔01
𝑘

ℎ01
𝑛+1  

𝑛!

𝑘!(𝑛−𝑘)!
 
𝑡𝜂(𝑘−2𝑛)−1

Γ𝜂(𝑘−2𝑛)
,∞

𝑘=0
∞
𝑛=0    

(110) 

where 𝑓01 = (𝑆𝑐𝑧0𝑧1 − 𝑧2(1 + 𝜆1)),     𝑔01 = (𝑆𝑐𝑧0𝛾 −

𝑧2(1 + 𝜆1) − 𝑏𝛾(1 + 𝜆1)), ℎ01 = 𝑏𝛾2(1 + 𝜆1), 

The ω4(ζ, t) is expressed as 

𝜔4(𝜁, 𝑡) = 𝐺𝑐(1 + 𝜆1)𝐽1(𝜁, 𝑡) ∗ (ℎ′(𝑡) ∗ 𝑅1(𝜁, 𝑡) −

𝑆2(𝜁, 𝑡)),  

(111) 

where we get the values of 𝐽1(𝜁, 𝑡) , 𝑅1(𝜁, 𝑡) , 𝑆1(𝜁, 𝑡)  from 
Eqs(110), (99) and (100), respectively. 

The expression for ω5(ζ, q) is stated below as 

𝜔4(𝜁, 𝑞) =

𝐺𝑐

𝑞Λ0(
𝑆𝑐𝑧0𝑞

𝑞+𝛾
−Λ2) sinh √

𝑆𝑐𝑧0𝑞

𝑞+𝛾

(𝑞𝐻(𝑞) sinh ((1 −

𝜁)√
𝑆𝑐𝑧0𝑞

𝑞+𝛾
) − sinh (𝜁√

𝑆𝑐𝑧0𝑞

𝑞+𝛾
)).  

(112) 

For simplification, 

𝜔5(𝜁, 𝑡) = 𝐺𝑐(1 + 𝜆1)𝐽1(𝜁, 𝑞)(𝑞𝐻(𝑞)𝜓1(𝜁, 𝑞) −

𝜓1(𝜁, 𝑞)),  
(113) 

and its inverse LT will take the form 

(𝜁, 𝑡) = 𝐺𝑐(1 + 𝜆1)𝐽1(𝜁, 𝑡)

∗ (ℎ′(𝑡) ∗ 𝜓1(𝜁, 𝑡) − 𝜓2(𝜁, 𝑡)),  (114) 

where 

𝜓1(𝜁, 𝑞) =  

∑
2!

𝛽!(2−𝛽)!

2
𝛽=0 ∑ ∑

((−Ξ2)𝑘−(−Ξ3)𝑘)

𝑘!
 ∞

𝑘=0
∞
𝑛=0    

× ∑
𝑘

2!

𝑚!(
𝑘

2
−𝑚)!

(−1)𝑚∞
𝑚=0   

× ∑ (−1)𝑝 (𝑚+𝑝−1)!

𝑝!(𝑚−1)!
𝛾−(𝛽+𝑝−2)(𝑧1)𝑝 𝑡−(𝛽+𝑝)

𝛤(−(𝛽+𝑝)+1)
,∞

𝑝=0   

(115) 

𝜓2(𝜁, 𝑞) =  

∑
2!

𝛽!(2−𝛽)!

2
𝛽=0 ∑ ∑

((−Ξ10)𝑘−(−Ξ11)𝑘)

𝑘!
 ∞

𝑘=0
∞
𝑛=0    

× ∑
𝑘

2!

𝑚!(
𝑘

2
−𝑚)!

(−1)𝑚∞
𝑚=0   

× ∑ (−1)𝑝 (𝑚+𝑝−1)!

𝑝!(𝑚−1)!
𝛾−(𝛽+𝑝−2)(𝑧1)𝑝 𝑡−(𝛽+𝑝)

𝛤(−(𝛽+𝑝)+1)
,∞

𝑝=0   

(116) 

where Ξ8 = (2𝑛 + 𝜁)√𝑆𝑐𝑧0 and   Ξ11 = (2 + 1 + ζ)√Sc𝑧0. 

Introducing the expression of 𝜔1(𝜁, 𝑡), 𝜔2(𝜁, 𝑡),  𝜔3(𝜁, 𝑡), 
𝜔4(𝜁, 𝑡), 𝜔5(𝜁, 𝑡) from Eqs (92), (101), (104), (111) and (114), 
respectively, into Eq. (89), the velocity solution is attained as 

𝜔(𝜁, 𝑡) = 𝜔1(𝜁, 𝑡) + 𝜔2(𝜁, 𝑡) − 𝜔3(𝜁, 𝑡) +
𝜔4(𝜁, 𝑡) − 𝜔5(𝜁, 𝑡).  

(117) 
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5. LIMITING CASES OF MOMENTUM EQUATION 

 
5.1. Velocity solution for second grade fluid 

5.1.1 Caputo sense 

Incorporating λ1 → 0, the velocity solution expressed in Eq. 
(40) transforms into the second-grade fluid solution 

𝜔̅(𝜁, 𝑞) =
𝐹(𝑞)

𝑠𝑖𝑛ℎ√Ω2
𝑠𝑖𝑛ℎ ((1 − 𝜁)√𝛶2) +

 
𝐺𝑟

𝑞Ω0(𝑃𝑟𝑞𝑛−Ω2)𝑠𝑖𝑛ℎ√𝛶2
(𝑞𝐺(𝑞)sinh (1 − 𝜁)√Ω2) −

sinh (𝜁√Ω2)) −

 
𝐺𝑟

𝑞𝛶0(𝑃𝑟𝑞𝑛−Ω2)𝑠𝑖𝑛ℎ√𝑃𝑟𝑞𝑛 (𝑞𝐺(𝑞)sinh (1 −

𝜁)√𝑃𝑟𝑞𝑛) − sinh (𝜁√𝑃𝑟𝑞𝑛)) +

  
𝐺𝑐

𝑞Ω0(𝑆𝑐𝑞𝑛−Ω2)𝑠𝑖𝑛ℎ√𝛶2
(𝑞𝐻(𝑞)sinh (1 − 𝜁)√Ω2) −

sinh (𝜁√Ω2)) −

   
𝐺𝑐

𝑞Ω0(𝑆𝑐𝑞𝑛−Ω2)𝑠𝑖𝑛ℎ√𝑆𝑐𝑞𝑛 (𝑞𝐻(𝑞) sinh(1 −

𝜁) √𝑆𝑐𝑞𝑛) − sinh(𝜁√𝑆𝑐𝑞𝑛)).  

(118) 

where  Ω0 = 1 + 𝜆𝑞𝑛, Ω2 =
𝜆1

𝛺0
.  

By taking Gc = 0 in Eq. (118), the solution obtained is similar 

to the limiting solution attained by Asgir et al. [40]. For η → 1, and 

resuming Gc = 0, we will get the limiting result obtained by Aleem 
et al. [39]. 

5.2. Caputo Fabrizio sense 

By taking λ1 → 0, the velocity solutions in Eq. (88) present 
the result of second-grade fluid 

𝜔(𝜁, 𝑞) =
𝐹(𝑞)

sinh √ϱ2
sinh ((1 − 𝜁)√ϱ2)

 +
𝐺𝑟

𝑞ϱ0(
𝑃𝑟𝑧0𝑞

𝑞+𝛾
−ϱ2) sinh √ϱ2

(𝑞𝐺(𝑞) sinh ((1 −

𝜁)√ϱ2) − sinh(𝜁√Λ2))  

 
𝐺𝑟

𝑞ϱ0(
𝑃𝑟𝑧0𝑞

𝑞+𝛾
−ϱ2) sinh √

𝑃𝑟𝑧0𝑞

𝑞+𝛾

(𝑞𝐺(𝑞) sinh ((1 −

𝜁)√
𝑃𝑟𝑧0𝑞

𝑞+𝛾
) − sinh (𝜁√

𝑃𝑟𝑧0𝑞

𝑞+𝛾
)) 

  +
𝐺𝑐

𝑞ϱ0(
𝑆𝑐𝑧0𝑞

𝑞+𝛾
−Λ2) sinh √ϱ2

(𝑞𝐻(𝑞) sinh ((1 −

𝜁)√ϱ2) − sinh(𝜁√ϱ2)) −

𝐺𝑐

𝑞ϱ0(
𝑆𝑐𝑧0𝑞

𝑞+𝛾
−Λ2) sinh √

𝑆𝑐𝑧0𝑞

𝑞+𝛾

(𝑞𝐻(𝑞) sinh ((1 −

𝜁)√
𝑆𝑐𝑧0𝑞

𝑞+𝛾
) − sinh (𝜁√

𝑆𝑐𝑧0𝑞

𝑞+𝛾
)),   

(119) 

where 𝑧0 =
1

1−𝜂
, 𝑧1 = 1 + 𝜆𝑧0,  ϱ0 = (

𝑞𝑧1+𝛾

(1+𝜆1)(𝑞+𝜆)
), Λ1 =

(
𝑞𝑧0

𝑞+𝜆
+

1

𝑘
+ 𝐻𝛼

2) , 𝜚2 =
Λ1

𝜚0
. For  𝜂 → 1, the results recovered 

are of ordinary second-grade fluid. Further taking 𝐺𝑐 = 0, the 
results attained are similar to the limiting result of velocity [39]. 

5.3. Velocity solution for viscous fluid  

5.3.1 Caputo sense 

By introducing  λ → 1, λ1 → 0, and absence of porosity 
reduces the velocity solution of Jeffrey fluid into viscous fluid 
solution, which is stated as below 

𝜔(𝜁, 𝑞) =
𝐹(𝑞)

sinh √𝑞𝑛+𝐻𝛼
2

sinh ((1 − 𝜁)√𝑞𝑛 + 𝐻𝛼
2) +

+
𝐺𝑟

𝑞(𝑃𝑟𝑞𝑛−(𝑞𝑛+𝐻𝛼
2)) 𝑠𝑖𝑛ℎ √𝑞𝑛+𝐻𝛼

2
(𝑞𝐺(𝑞) 𝑠𝑖𝑛ℎ ((1 −

𝜁)√𝑞𝑛 + 𝐻𝛼
2) − 𝑠𝑖𝑛ℎ(𝜁√𝑞𝑛 + 𝐻𝛼

2)) −
𝐺𝑟

𝑞(𝑃𝑟𝑞𝑛−(𝑞𝑛+𝐻𝛼
2)) 𝑠𝑖𝑛ℎ √𝑃𝑟𝑞𝑛

(𝑞𝐻(𝑞) 𝑠𝑖𝑛ℎ ((1 −

𝜁)√𝑃𝑟𝑞𝑛) − 𝑠𝑖𝑛ℎ(𝜁√𝑃𝑟𝑞𝑛)) +

 
𝐺𝑐

𝑞(𝑆𝑐𝑞𝑛−(𝑞𝑛+𝐻𝛼
2)) 𝑠𝑖𝑛ℎ √𝑞𝑛+𝐻𝛼

2
(𝑞𝐺(𝑞) 𝑠𝑖𝑛ℎ ((1 −

𝜁)√𝑞𝑛 + 𝐻𝛼
2) − 𝑠𝑖𝑛ℎ(𝜁√𝑞𝑛 + 𝐻𝛼

2)) −
𝐺𝑐

𝑞(𝑆𝑐𝑞𝑛−(𝑞𝑛+𝐻𝛼
2)) 𝑠𝑖𝑛ℎ √𝑃𝑟𝑞𝑛

(𝑞𝐻(𝑞) 𝑠𝑖𝑛ℎ ((1 −

𝜁)√𝑃𝑟𝑞𝑛) − 𝑠𝑖𝑛ℎ(𝜁√𝑃𝑟𝑞𝑛)).   

(120) 

Further taking Gc = 0, the results attained are similiar to the 

limiting result of velocity [40]. For η →  1, and Gc = 0, we will 
attain the results for ordinary viscous fluid obtained by Aleem et 
al. [39]. 

5.3.2 Caputo Fabrizio sense 

By introducing  λ → 0, λ1 → 0, in Eq. (88) and the absence 
of porosity presents the velocity solution of viscous fluid as below 

𝜔(𝜁, 𝑞) =

𝐹(𝑞)

sinh √
𝑞𝑧0
𝑞+𝛾

+𝐻𝛼
2

sinh ((1 − 𝜁)√
𝑞𝑧0

𝑞+𝛾
+ 𝐻𝛼

2) +

𝐺𝑟

𝑞(
𝑃𝑟𝑧0𝑞

𝑞+𝛾
−(

𝑞𝑧0
𝑞+𝛾

+𝐻𝛼
2)) 𝑠𝑖𝑛ℎ √

𝑞𝑧0
𝑞+𝛾

+𝐻𝛼
2

(𝑞𝐺(𝑞) 𝑠𝑖𝑛ℎ ((1 −

𝜁)√
𝑞𝑧0

𝑞+𝛾
+ 𝐻𝛼

2) − 𝑠𝑖𝑛ℎ (𝜁√
𝑞𝑧0

𝑞+𝛾
+ 𝐻𝛼

2)) −

𝐺𝑟

𝑞(
𝑃𝑟𝑧0𝑞

𝑞+𝛾
−(

𝑞𝑧0
𝑞+𝛾

+𝐻𝛼
2)) 𝑠𝑖𝑛ℎ √

𝑃𝑟𝑧0𝑞

𝑞+𝛾

(𝑞𝐺(𝑞) 𝑠𝑖𝑛ℎ ((1 −

𝜁)√𝑃𝑟𝑞𝑛) − 𝑠𝑖𝑛ℎ(𝜁√𝑃𝑟𝑞𝑛)) +

 
𝐺𝑐

𝑞(
𝑆𝑐𝑧0𝑞

𝑞+𝛾
−(

𝑞𝑧0
𝑞+𝛾

+𝐻𝛼
2)) 𝑠𝑖𝑛ℎ √

𝑞𝑧0
𝑞+𝛾

+𝐻𝛼
2

(𝑞𝐺(𝑞) 𝑠𝑖𝑛ℎ ((1 −

𝜁)√
𝑞𝑧0

𝑞+𝛾
+ 𝐻𝛼

2) − 𝑠𝑖𝑛ℎ (𝜁√
𝑞𝑧0

𝑞+𝛾
+ 𝐻𝛼

2)) −

𝐺𝑐

𝑞(
𝑆𝑐𝑧0𝑞

𝑞+𝛾
−(

𝑞𝑧0
𝑞+𝛾

+𝐻𝛼
2)) 𝑠𝑖𝑛ℎ √

𝑆𝑐𝑧0𝑞

𝑞+𝛾

(𝑞𝐻(𝑞) 𝑠𝑖𝑛ℎ ((1 −

𝜁)√
𝑆𝑐𝑧0𝑞

𝑞+𝛾
) − 𝑠𝑖𝑛ℎ (𝜁√

𝑆𝑐𝑧0𝑞

𝑞+𝛾
)),   

(121) 

where 𝑧0 =
1

1−𝜂
.  For 𝜂 →  1,  we will attain the results for 

ordinary viscous fluid obtained by Aleem et al. [39].  
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6. GRAPHS AND DISCUSSION 

The heat and mass transference study of MHD free 
convective flow of Jeffrey fluid bounded amidst two vertical plates 
via time-fractional C and CF is elaborated here. The flow 
phenomenon of the fluid happens owing to the moment of one 
plate while the other is kept constant. The dimensionless system 
of equations representing the fluid flow phenomenon is solved by 
the integral LT. The obtained results are presented in a series 
form. The graphical illustration is used to present the behaviour of 
embedded physical variables such as relaxation time, thermal 
Grashof number, permeability parameter, mass Grashof number, 
Schmidt number, Jeffrey fluid parameter Prandtl number and 
memory parameter on the temperature, concentration and velocity 

profile where the F(q) =
1

q
, G(q) =

1

q2 , H(q) =
1

q2 . Fig 2. 

manifests the temperature profile’s fractional parameter control. 

As η  increases, the boundary layer thickens, causing the 
temperature to rise. The boundary layer thickness elevates the 
heat of the particles. The finding for η → 1 is easily validated 
because it is already existing in the literature [39]. The 
concentration curves rise as well due to the same reason as 
shown in Fig. 5. The dominance of the mass diffusivity in fluid flow 
outcome is a reduction of the thermal boundary layer. The thermal 
boundary layer reduces, resulting in a decline in temperature. 

These are the effects of Pr which are elaborated in Fig. 3. 

 
Fig. 2. Temperature plot for multiple values η with Pr = 5 

The thermal boundary layer becomes thick with time, which 
results in an upgrade in temperature curves, as plotted in Fig. 4. 
We observed the similar impacts of time on the concentration 
profile graphed in Fig. 7. The govern of Sc on the concentration 
curves is depicted in Fig. 6. It is observed that the concentration 
descends with the rise in Sc values. Physically, this is true, 
because the Schmidt number increases and the concentration 
curves move towards the boundary, indicating the larger surface 
mass transfer. 

The effect of the memory parameter η on fluid flow is depicted 

in Fig. 8. It is obvious that as η  increases, so does the fluid 
velocity. The reason for this is that as η increases, so does the 
thickness of the boundary layer, resulting in velocity acceleration. 

 
Fig. 3. Temperature plot for multiple values of Pr with η = 0.3 

 
Fig. 4. Temperature plot for multiple values of t with Pr = 12 and η = 0.3 

 
Fig. 5. Concentration plot for multiple values η with Sc = 5.0 
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Fig. 6. Concentration plot for multiple values of Sc with η = 0.3 

 
Fig. 7. Concentration plot for multiple values of t with Sc = 5.0  

and η = 0.3 

 
Fig. 8. Velocity plot for multiple values η with Gr = 5,Gc = 8,k = 0.2, 

Sc = 0.5,Ha = 0.3, λ = 0.9, λ1 =1.6,Pr = 7 

The Prandtl number variation influence on the fluid flow is 

graphed in Fig. 9. From the figure, it is noted that higher Pr values 

reduce the velocity field. The thickness of the boundary layer was 
reduced with enhancement in the Prandtl number. 

To elaborate on the effects of Gr,  Fig. 10 is plotted. We 
observed that the fluid accelerates with the higher velocity with an 
ascent of thermal Grashof number Gr. Physically, increasing the 
value of Gr increases the buoyancy forces, which reduces the 
thickness of the momentum boundary layer and increases the 
velocity. 

 
Fig. 9. Velocity plot for multiple values of Pr, Gr = 5,Gc = 8,k = 0.2, 

Sc = 0.5,Ha = 0.3,λ = 0.9, λ1 =1.6, η = 0.3  

 
Fig. 10. Velocity plot for multiple values of Gr with Gc = 8,k = 0.2, 

  Sc = 0.5,Ha = 0.3,λ = 0.9, λ1 =1.6, Pr = 7,η = 0.3 

The velocity curves under the effect of mass Grashof number 
Gc can be observed in Fig. 11. It is observed that there is a rise in 
velocity curves with the ascent of mass Grashof number. This is 
true because the concentration gradient increases the buoyancy 
forces, and therefore velocity accelerates. 

Fig.12 elucidates the impacts of the porosity on the fluid flow. 
An increment in the estimation of the porosity parameter 
diminishes the fluid flow speed. Resistive forces bring about a 
decline in the speed of fluid flow. Fig 13. portrays the impacts of 
Sc on the fluid flow. Adding up the value of the Sc  results in 
descending velocity curves. The point to be observed is that 
higher values of the Schmidt number results in more viscosity in 
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fluid, causing a fall in the mass diffusion rate, and hence 
accordingly the fluid velocity diminishes. 

 
Fig. 11. Velocity plot for multiple values of Gc, with Gr = 5, 

 k = 0.2,Sc.=0.5,Ha = 0.3,λ = 0.9,λ1 = 1.6, Pr = 7, η = 0.3  

 
Fig. 12. Velocity plot for multiple values of K with with Gr = 5,Gc = 8, 

  Sc = 0.5,Ha = 0.3,λ =0.9,λ1 = 1.6,Pr = 7,η = 0.3 

 
Fig. 13. Velocity plot for multiple values of Sc with Gr = 5, Gc = 8, 

 k = 0.2, Ha = 0.3, λ = 0.9, λ1 = 1.6, Pr = 7, η = 0.3   

 
Fig. 14. Velocity plot for multiple values of Ha with Gr = 5,Gc = 8, 

   k = 0.2,Sc = 0.5,λ = 0.9,λ1 = 1.6,Pr = 7,η = 0.3 

 
Fig. 15. Velocity plot for multiple values of λ  with Gr = 5, Gc = 8, 

 k = 0.2, Sc 0.5, Ha = 0.3, λ1 = 1.6, Pr = 7, η = 0.3 

 
Fig. 16. Velocity plot for multiple values of λ1  with Gr = 5, Gc = 8, 

  k = 0.2, Sc = 0.5, Ha = 0.3, λ = 0.9, Pr = 7, η = 0.3 
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Fig. 17. Velocity plot for multiple values of t  with Gr = 5, Gc = 8, k =

0.2, Sc = 0.5, Ha = 0.3, λ = 0.9, λ1 = 1.6, Pr = 7, η = 0.3 

 
Fig. 18. Velocity plot for multiple values of y  with Gr = 5, Gc =   8, k =

 0.2, Sc = 0.5, Ha = 0.3, λ1 = 1.6, Pr = 7, η = 0.3  

 
Fig. 19. Velocity plot for limiting cases 

The Hartman number impacts on the velocity of the fluid, as 
portrayed in Fig. 14. It has been observed that an ascent in the 
Hartman number reduces the fluid flow. This conduct is 

undeniable as transverse magnetic fields resist the flow of fluid 
and hence result in depreciation in the velocity field. 

The governing of material parameter λ on the fluid flow is 
elaborated in Fig. 15. It has been observed that with the enormity 
of λ  up, a descent in the velocity curves occurs owing to an 
increase in the viscous forces and elasticity of the fluid. 

To visualise the impact of the rheology of fluid in the presence 
of Jeffrey fluid parameter λ1  on the velocity curves, Fig.16 is 
graphed. It has been noticed that the fluid velocity boosts up as 

we add up the value of λ1. From the reasoning point of view, 
tangential stress increases, which accelerates the fluid flow. 

The velocity curves for the time variation are shown in Fig. 17. 
The flow of the fluid accelerates as time passes. 

The velocity curves versus time are shown in Fig. 18. 
In the comparison between the C and CF models, we noticed 

that the CF model has smaller velocity, temperature and 
concentration curves as compared with the C model. The limiting 
case’s velocity profile is plotted in Fig. 19. 
 

7. FINAL REMARKS 

Caputo and Caputo Fabrizio’s time-fractional approach is 
used to analyse the Jeffrey fluid on two parallel vertical plates 
immersed in a permeable medium. The exact expressions for 
temperature, concentration and velocity are obtained using the 
LT. The effect of the associated implanted parameters on velocity, 
temperature and concentration are detailed here using graphs. 
The following are the final remarks: 

 Increasing the fractional parameter η increases velocity, 
temperature and concentration. 

 Temperature curves decay with the rise in Pr and time. 

 Concentration profile decays with the rise in Sc and time. 

 The fluid velocity slows as the values of Pr,λ,Ha,K rise. 

 The enhancement in fluid flow is observed with the increase in 
Gr,Gc, λ1 and Sc values. 

 The C model has a higher velocity, temperature and 
concentration than the CF model. 

 The recovered results are of integer order derivative Jeffrey 
fluid for η → 1. 

 The results obtained for both λ → 0, λ1 → 0 and η → 1 are 
for ordinary viscous fluid. 
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