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Abstract: The non-integer order derivatives, Caputo (C) and Caputo Fabrizio (CF), were employed to analyse the natural convective flow
of magnetohydrodynamic (MHD) Jeffrey fluid. The aim is to generalise the idea of Jeffrey’s fluid flow. The fluid flow is elaborated between
two vertical parallel plates. One plate is kept fixed while the other is moving with the velocity Uof(t), which induces the motion in the fluid.
The fluid flow problem is modelled in terms of the partial differential equation along with generalised physical conditions. The appropriate
parameters are introduced to the dimensionless system of equations. To obtain the solutions, the Laplace transform (LT) is operated on
the fractional system of equations, and the results are presented in series form. The pertinent parameter’s influence on the fluid flow is
brought under consideration to reveal interesting results. In comparison, we noticed that the C approach shows better results than CF, and
graphs are drawn to show the results. The results for ordinary Jeffrey fluid, second-grade and viscous fluid are obtained in a limiting sense.

Keywords: Jeffrey fluid, porous medium, natural convection, magnetohydrodynamic, Laplace transform, Caputo derivative,

Caputo Fabrizio derivative

1. INTRODUCTION

The Navier-Stokes equation cannot characterise the
mechanical features of non-Newtonian fluids owing to their
complex nature. So, the rheological behaviour of non-Newtonian
fluids cannot be described enough with a single constitutive
equation. Non-Newtonian fluids with their rheological behaviour
makes them valuable for many industrial and technological
applications, for instance, in the petroleum, biological, plastic
manufacturing, chemical, textile and cosmetic industries. There
are several models accorded to describe the resourceful nature of
non-Newtonian fluids [1,2]. In addition, Jeffrey fluid is obtained to
be the simplest generalisation of the Newtonian fluid. This fluid
model is apt for narrating the characteristics of relaxation and
retardation times. From the model of Jeffrey fluid, the second-
grade and viscous fluid models can be deduced by disregarding
the impacts of their generalised parameters. Being mindful of its
properties and abilities, the wide application of Jeffrey fluid is
noticed in biological science such as in plasma, handling of
biological fluid and blood, and in mechanics. Hayat et al. [3]
highlighted the chain solution of the magnetohydrodynamic (MHD)
Jeffrey fluid in a channel. MHD analysis along with the slip
condition on Jeffrey fluid was reported by Das et al. [4]. Imtiaz et
al. [5] initiated the study of MHD Jeffrey fluid and highlighted the
effects of heterogeneous and homogeneous reactions on the fluid
flow. The effects of heat generation on MHD Jeffrey fluid in a
porous medium were studied by Jena et al. [6].

Similar studies on MHD Jeffrey fluid are recorded in literature
[7-14] and the references therein. The versatile and valuable

impacts of fractional calculus in the field of electrical engineering,
electrochemistry, control theory, electromagnetism, mechanics,
image processing, bioengineering, physics, finance, fluid
dynamics and many others make it a valuable tool for study. For
systems that have long-term memory, fractional derivatives are
very important and suitable because they record not only the
present but also the past. It has numerous applications in physical
science, such as chemistry, ecology, geology and biology. The
mechanism of non-Newtonian models has been elaborated
successfully with fractional calculus in the past decades due to its
simple and elegant description of the complexity of its behaviour.
One of the important non-Newtonian fluids is viscoelastic fluids
which exhibit the behaviour of elasticity and viscosity. These fluids
have broad implications and importance in several areas of
engineering, such as industrial engineering, polymerisation,
mechanical engineering and the automobile industry. Fractional
calculus is very helpful in interpreting the viscoelastic nature of the
materials. Taking into account the enormous properties
mentioned, many researchers have paid attention to studying it
directly or indirectly in the fractional order derivative field. Bagley
and Torvik [15] noted the fractional calculus application on the
viscoelastic fluids. Jamil and Khan [16] explored the impacts of
slip conditions on the fractional Maxwell fluid and explored the
closed solution of shear stress and velocity. Kot and Elmaboud
[17] conducted an analysis of heat transfer of the flow of pulsatile
time-dependent Maxwell fluid by a vertical stenosed artery with
body acceleration. They employed the Cattaneo fractional model
to modify the energy equation. Riaz et al. [18] analysed the
impacts of heat transfer on MHD fractionalised Oldroyd-B fluid.
Semi-analytic and numerical solutions are attained for the
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electroosmotic flow of the fractionalised Oldroyd-B fluid by Alsharif
et al. [19]. The flow takes place in a vertical microchannel that is
filed with a porous medium. Khan et al. [20] investigate the
Casson fluid with the Caputo (C) time derivative. The C and
Caputo Fabrizio (CF) comparative analysis of second-grade fluid
with Newtonian heating was investigated by Imran et al. [21]. To
reveal the interesting facts on the electroosmotic flow of second-
grade fluid, an intriguing study was done by Abdellateef et al. [22].
The flow happens through the vertical microchannel. They
considered the heat equation and modified it with the Cattaneo
heat flux model and revealed interesting results. Alsharif and
Elmaboud [23] considered the above-said problem in the vertical
annulus. They solved the problem with the finite Hankel transform
and Laplace transform. The results show that as the volume
concentration rise, the hybrid nanofluid becomes more viscous,
and electroosmotic flow is accelerated by free convection force.
Saqib et al. [24] studied the natural convective flow of generalised
Jeffrey fluid with the CF approach. Shehzad et al. [25]
demonstrate the problem of 3D MHD flow of the Jeffrey fluid along
with Newtonian heating. Hayat et al. [26] examined the MHD flow
of the Jeffrey fluid through a channel and discovered the series
solutions. Farman et al. [27] conducted research to investigate the
complex action of the COVID-19 Omicron variant with the CF
derivative. A numerical scheme is employed for the computational
and simulation of the COVID-19 model. Some of the contributions
of the fractional calculus on the viscoelastic fluids are highlighted
in literature [28-38].

Inspired by the above literature, this article is devoted to
studying the heat and mass transfer analysis of the MHD
fractional Jeffrey fluid through a channel along with generalised
boundary conditions. In the paper layout, Section 2 describes the
governing equation with the geometry of the problem.
Preliminaries are stated in Section 3. In Section 4, we have
converted the integer-order derivative Jeffrey fluid model with the
fractional order derivative C and CF model. The Laplace transform
(LT) has been employed to attain the analytical solutions. The
analytical expression for velocity, temperature, and concentration
are evaluated in a series form. Such exact solutions have never
been noted in the literature before. Hence this article makes
valuable contributions to the existing literature in view of the pan-
city of exact solutions of Jeffrey fluid with generalised boundary
conditions. In Section 5, limiting cases are discussed. The impacts
of parameters on the fluid flow, heat and mass distributions, are
captured with the assistance of graphs stated in Section 6. The
final conclusions are stated in Section 7.

Tab. 1. Nomenclature

Symbol Quantity
w Velocity
Bo Magnetic force
q LT Parameter
g Temperature
k Heat Conduction
P Density
A Relaxation time
o Electric Conductivity
u Viscosity (Dynamic)
1] Viscosity (Kinematic)
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cp Specific heat

g Gravitational force
H? Hartman number

Pr Prandtl number

Gr Grashof number(thermal)

K Porosity

M Jeffrey fluid parameter
D Mass diffusivity

Ge Grashof number(mass)
Se Schmidt number

2. MODEL GOVERNING EQUATIONS

The phenomenon of heat and mass transfer of the convective
MHD Jeffrey fluid flow is examined. The fluid is submerged in a
permeable medium between two upright plates at & = 0 and
& =d. Att* =0, plates and fluid are both static with the
ambient temperature 9., and concentration ¢,. As t* > 0, the
plate at the §&* = 0 starts to move with velocity U, f(t*), while the
other plate is kept fixed. The temperature of the plate descends or
ascends to 94 + (9,, —94)g(t™) , and concentration by +
(bw — dgh(t"), where f(t*), g(t*) and h(t*) are continuous
functions and have zero value at t* = 0. Furthermore, a
transverse magnetic force is introduced vertically to the fluid flow.
By neglecting the impacts of an induced magnetic field, Joule
heating, viscous dissipation and assuming that the velocity is a
function of £ and t* only, the governing equation for the fluid flow
description using Boussinesq approximation [39, 40] along with
concentration equation will take the form

dw({"t)

at*

v 2\ 2%t _ (vb  oB®\ . . (M
144, (1 + 4, at*) ag*? (k1 + o )w(( )+

9BsDw —9a) + 9By (¢ — da),

C 39(*tY) _ %9(¢*t")

P or e @)

P _ 2PN

ot g% (3)

The system imposed conditions related to the present problem
are

(@*,0) = 0,225 = 0,0(¢",0) = 0,¢(¢",0) =
0,

0(0,t") = Upf ("), @(d,t) =0, (5)
9(0,67) = 9 + g(t) By — 0a), D, t) =0y, (6)
$0,6) = pg +h(t) (P — b2, S t) =y, (7)

For the process of dimensionalisation, the following constants
and parameters are introduced as

(4)

r_ @ /_5_* ; _ 9-0q /_V_t* —
w _zzo’Z _d'ﬂ _aw—ad’t _dZ’PT_
Bep ¢ _ ¥V p_ k1 5 AV
k ’SC_D’K_MZ’A_ az’
Yw—19 -
HZ = gBod'GrzgﬁaU(;v d)‘GC:gﬁdav(d’?\:v ¢d). (8)
[ U3 U3
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After implementing Eq. (8) into Eqgs (1)—(7), the governing
equations are expressed after dropping the “/”
dw(t) 1 )@t (1
ax 1+ (1 + Aat) aE2 (K + )
HZ) (G, 6) + 69, 6) + Gep (1),

() _ 8%9(b)

P at ~ agz (10)
99(G.t) R (4))
Se=— = TR (11)

The imposed conditions in Eqs (4)—(7) for the velocity,
temperature and concentration profiles become

0(§,0) = 0,252 =0, 9(¢,00=0,$(,0 =0, (12)

w(0,) = f(), w(1,1) = 0,9(0,¢) =
g®,9(1,t) = 1,¢(0,t) = h(1), $(1,1),

where all the quantities and parameters are stated in the
nomenclature section.

(13)

y
f* = 0 g 5
wg"r)=0 / J / -
¢ F)=9,
£>0 —l— =
w(¢,£)=U,f()
) =9+
(% -9)g(r)

¢

Fig. 1. Geometrical description of the fluid flow phenomenon
3. PRELIMINARIES

The function/non-integer C time derivative is stated as

[{t—0)R (,0)do,

1
r{-mn

“Dlh(o,t) =

n € (0,1).
Implement the LT on the C time derivative

L ( DIR(o, t)) = s"L(R(o,t) — s" 'R (a, 0). (15)

The non-integer CF time derivative is defined as

1 ¢ (ZNE-@Y) s
FDIRo,t) = = f1 U R (0, 0)de,

(16)
n € (0,1)

Applying the LT on the time fractional CF derivative changes
to

CFpN _ SL(R(g,t))—R(0,0)
L ( DiR(a, t)) T s@-mn )
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4. FRACTIONAL FORMULATIONS OF GOVERNING
EQUATIONS AND SOLUTIONS

4.1. Caputo formulation and solutions

Replace the time derivative with the C fractional derivative into
Egs (9)—(11) as,

1 2w ()
‘Dlw(t) = (1+2°D) 5=~ 8
(+H2) (G, + GO, + Geh (S, ),
2
P DO ) = 552, (19)
2
Se D¢, t) = 282, (20)

4.1.1 Investigation of exact solution for temperature profile

Implementing LT on Eq. (19), we will obtain with transform
boundary conditions

229(¢, na
S IR (21)

1

7(0,q9) = G(q), v(1,q) = .

Employing the Laplace transformed boundary conditions
stated in Eq. (22), the solution for Eq. (21) will be as obtained in
literature [40]

(¢, q) = qG(q)( S <) )+ (S"””“W )) =

(22)

gsinh(Prq™) gsinh(/Prq™) (23)
qG(@)9:(S, q) + 9,(¢, ).
Here,
e(1=OVPra™_p-(1-0\Prq™
191 ((! Q) - q(e‘w—e_m) - (24)
e~ @n=OVPrq®  ,-(2n+2-0)\Prq®
Ln=o < q B q ) '
CokEnsgk @)Yz
91(¢,9) = Zn-o <Z§i°=o—knrt 2 —
kr(1-20) 25)
g COF@nszokeyz
k=0 kir(1-40) '

The expression of 9, (T, q) is in an expanded from defined as
below

_ eSVPra"_g=¢/Pra®
%060 = ety

w [e~@I-OVPra®  o-(an+1-0JPra® (26)
Zn:O( q - q )
Implement the inverse LT in Eq. (26) as
_1k _ovkepaKla _kn
9,4, 1) =2;°:o<22°=0( . i?%_g)“’r) 2 -
- (27)

s CDf@nrek ez K
k=0 kir(1-42)
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Now apply the inverse LT in Eq. (23) as

9GD = [l g (- D9, Ddr+9,,0), (28)
where 9, ({, t) and 9,({, t) are presented in Egs (25) and (27)
respectively.

4.1.2 Investigation of exact solution for concentration profile

Implementing LT on Eq. (20), and bearing the definition of LT
of C derivative, we get

a2¢(C, T
2O = 5, "B ) =0, (29

Along with the transformed boundary conditions
$0.9) =H(@), $(L,9) =, (30)

Inserting the prescribed boundary conditions of Eq. (30) while
solving Eq. (29), the solution obtained will be

- : sinh((1-0)|/5cqa™) sinh(¢,/Seq™)
¢>(<,q)—qH<q)( s )+(qsmh( =), 6

To find the solution &4 (T, q), we write it in a simplified form as
below

e(1=DVScqm _o—(1-0yScq™
q(e\/ chn—e_\/ chn)

¢1 (Z' Q) =

o [e~@n=OVSca®  g-(2n+2-0)yScq™ (32)
Zn:O( q - q )
Implement the inverse LT in Eq. (32) as
k k ck/2 _kn
$:6.9) = Tiz o(zk oyt
33
o DFEnt2-0k(s) Yz k1 %)
k=0 k'F( kn) t 2 ).
The expression of &, (T, q) in the simplest form is
_ eVSca™ _g=3VScq™ _
¢1((’ Q) - q(em—e_m) - (34)
o e—(2n+1-0Scq™  p—(2n+140)y/Scq™
E”ZO( q B q )

And employing the inverse LT on Eq. (34), the solution will be

—Dk@n+1-0)k(50 2 _n

¢2(z.t)=z;;°:0(2;°=0 o -

o1k T2 Kn

Zl?=0 k‘F( kn)

(35)

Now apply the inverse LT on Eg. (31) as
@0 = [ h (t—D$:((,DdT + 5, 1), (36)
where ¢, (¢, t) and ¢, (¢, t) are presented in Eqs (33) and (35),
respectively.
4.1.3 Investigation of exact solution for velocity profile

Applying the LT into Eq. (18), we get
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(fg) —"Zf,’g'” - (q" +%+ Hg,) (. q) = (37)
_Grﬂ((’ t) - Gc(;b((, t)-

After rearranging the above equation, we attain

‘—GC¢‘>(c. £), (38)

%a@(y, _ —Gr &
2P -Y0,q) =196, ~

g2
whereYO_ =q"+= +H§"Y2_Y_o
The Laplace boundary conditions are
@(0,9) = F(q),»(1,q) = (39)

Introducing Egs (23) and (31) into Eq. (38), the velocity
solution in abridged form is
(. 4) = g = sinh (1= OVT;) +
& (46(@)sinh(1 - O)JT;) -

qYo(Prq™-Y)sinh v,

smh({\/Tz))

qyo(Prq"—yz)sth (qG(Q)Sinh(l —~OPg™) —

sinh({/Bq")) + )
GC (qH(q)sinh(l — Y1) -

qYo(Scq™-Y2)sinh 1,
sinh(zﬁz)) -

q}’o(scqn—Yz)SlnhW (¢H(g) sinh(1 - ) /Scq™) —
smh({m)),

In order to find its inverse Laplace, we write the velocity
expression in a suitable form

a({' CI) = 0)1((, CI) + (1)2(6, Q) — w3 ((! Q) + (41)
0.)4((, CI) - 0)5({, CI)
where

w13, q) = — }(:/)_smh ((1 - ()\/}72)

_ (=012 _-(1-0\12 1
=F(q) T (42)
= F(q) X2, (e—<2n+<)ﬁz _ e—(2n+2+§)Jy_2)_

Eq. (42) in the simplest form as

where
P, q) = e CmONY: =
Ym0 Lhe o( 1" e 0(( 4;11)) G)E_l (b - (44)

Y S o(-1p K g g,

p'l'l

where ¥; = 2n+ )1+ A, and b = % + H2.
P(T,t) can be obtained by applying the inverse LT on the
above equation

P, t) = e~ (@2n=0yr,
k
e

_ye g 1}:3') g 0((;11))(2)5 m(b_
Y S (-1

(45)
Ttp) apt “nptl
1y r¢-np)’
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Here,

QG q) = =@z =
k
+ 7L
P ALl 0(( :1)) G (v- (46)

r
) % o(=1)P (";’)Ap mw,

where ¥ = (2n +2 — )T+ and b = -+ HZ.
Applying the inverse LT on the above equation
Q(t) = e OV =

k
+ PR
T T, Sy 0((l+11)) GF (e~ )
T(l+p) np+1
) Lp=o(—1)P 'Ff p;( )’

Keeping in view Egs (45) and (47) and implementing the
inverse LT on Eq. (43), the expression obtained for w, (T, t) is as
stated below

w1 (1) = f(&) * (P({, 1) = Q(3, 1)). (48)
and w, (¢, q) is expressed as
Gr . _
W2 (z' q) - qYO(Prq"—YZ)sinh\/Vz (qG(q)smh(l (49)
OVY) = sinh(¢1;))
The simplified form of the expression w, ({, q) is
020, @) = 6,1+ WICD@E@WRED = g0
€ 9),
where
1
160 = G aamm—a (51)
and its inverse LT
o o a n—ky, k n! ¢nk—2n)-1
I(Z, CI) = _Zn=0 Zn=0 OCOn+10 ki(n—k)! Tp(k—2n) "’ (52)
Where ag = Pr/‘l, bo = PT’ -1- AllCO = b(l + Al)
Here,
_ sinh((1-0)/¥2)
R, q) = T gsinhyt; (53)
_ sinh(¢y7) (54)
R q) = gsinh\[v; ’

Inverse LT on Eqgs (53) and (54) is stated below as
R, ) =

0 o (()*-(-1)*) oo F(§+1) 1 g—m
P Zl:"("-m)(z) )

C(l+p) 4, 7P+
) P G
where
S, t) = .
o v (VXK ae  T(5+1) 17z
S Ny S g TG 1y

i (z_Hl) 4

C(l+p) ., t~1PH1
pPap-
) Zp 0( 1) pITl r(- 7717)

o=Cn+1+0JI+ AL andY, = 2n+1+OJ1+ 4

acta mechanica et automatica, vol.17 no.4 (2023)

Applying the inverse LT in Eq. (50)

wy(¢,t) = G-(1+ A)I(, 1)
(9'®~REO-5GD), 6

where we get the values of 1({, t), R({, t) and S({, t) from Eq.
(52), Eq. (55) and Eq. (56) respectively.
Let us consider now
Gr

030 t) = T s

OyP.q™) —sinh({Pq ))

Gr(1441) (58)
(Prq™(1+2q™)— (q”+b)(1+/11))
(qG(q)Sinh(l—Z)JPrtl")—sinh(c\/Prq"))

gsinh,/Prq™
In simplest form w3 (T, q) is expressed as

w3(¢,q) = G- (1 + 21, 9)(a(G (@91, q) —
192 (Z' CI)).

and its inverse LT expression as

036, = 6,1+ 1)1, )
(9’ @G -0¢9) 60

(qG(q)sinh(l -

(59)

where 1(¢,q),9:(¢, q), 9,({, q) are expressed in Egs (52),
(25), and (27), respectively.
Now consider,

Wy ((, CI) = G

qYo(Scq™-Yy)sinh ¥,
OVY,) = sinh({YT;)) =
iy 1)
(Scq™(1+2g™)—(q"™+b)(1+11))

<qH(q)smh(1 OJ)- smh((ﬁ))

(qH(q)sinh(l -

gsinh,[1,
ws (8, q) = G.(1+ )] ) (a(H@RE, q) — (62)
SE.),
where
J@.q) = - (63)

(5cq™(1+29™)~(q"+b)(1+21))’
Implementing the LT in EQ. (63) gives

n k ktn(k 2n)—-1

]((, t) =— Z;O:O ZI?:O P
wheredy =S4, eg =S, —1—244, ¢ =b(1+ 1y).
The w, (T, q) expression takes the form

036, 8) = G (1 + 1), 6)
«(h'®* RGO -56,0), (65)

y (k—2n)’

where we get the values of J({,t), R({,t) and S(¢, t) from Egs
(64), (55) and (56), respectively.
Ge

ws(C @) = e s
0)/Seq™) — sinh(¢/S.q™)) =
Gr(1+14) (66)
(Sca™(1+Aq™)- (q"+b)(1+/11))
<qc(q)smh<1 DYSca™- smh(@/&q“))
qsinh\/m

(qH(q)sinh(l —
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In simplest form, we can write it as
ws({,q) = Gc(1+ 2], ) (a(H(@$:(, q) —
¢2((' CI)),

And its inverse LT

Ws ((' q) = Gc(l + AI)](Zv t)
(M ©O*0:6D-d00)), 6

(67)

where J (¢, t), d,({, t), p,(¢,t) are obtained in Egs (64), (33)
and (35), respectively.
Introducing the expression of w;(,t), w,({,t), w;((, 1),

w4 (1), ws (¢, t) from Eqgs (48), (57),
(60), (65) and (68), respectively, into Eq. (41) after
implementing the LT, the exact velocity solution is achieved as

w,(§,8) — ws({,8)

The solution obtained for velocity in Eq. (69) (with G, = 0) is
similar to the solution attained in literature [40].

4.2. Caputo Fabrizio formulation and solution

Replace the time deriavtive with the CF fractional derivative
into Egs (9)-(11) as,

1 ?w((t
F D] (3, 6) = - (14 A% D) o) -

(3 + HE) 00 + 69, 0) + 6D (S, 0),

B.SFDI9(,t) = —02;’;5'”, (71)
2d(¢,
Seo Dy, t) = 552 (72)

4.2.1 Investigation of exact solution of
for temperature profile

By introducing the LT into Eq. (71) we get

0*9G.a) _ Prazog
B TCae 9(¢,q) = (73)
where z, = Y =M% and 9(, q) meets the prescribed

conditions below
9(0,q) = G(9),9(1,9) = - (74)

The implementation of prescribed boundary conditions Eg.
(74) on solving the above differential equations produce the
solution

smh((l 1e) PTZOq)

q+y

9, q) = q6(q)

sinh ({ P;i‘;ﬁ)

. Przpq
h( [~r204
qsm( Tty >

= gG(q)9:({,q) +9,({, ).
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The expression of 9,({,t),9,((,t) after employing the
inverse LT on 9, (g, q), 9, (T, q) respectively, is

(1) = (76)

k

2in=0 D= 1M * Yim=0 !(Eim)! (=1)™ =

(m+p-1)! _ t~p
—1)P 14
DY CR N LT A ey

where £ = 2n + {)/P.zgand £, = 2n + 2 — {)/B.z,.
192((‘ t) =

Sin<2n+1+{x)_Sin<2n+1—{x> .
ZPT J1-1m 1-n 1_—tx2
-n
Zn 0 T f x(Pr+x2) e dx' (77)

The inverse LT of Eq. (75) is

9, t) = [, g'(t = 0)9,({, T)dT + 9,(, 1), (78)
where 9, (¢, t) and 9,({, t) are expressed in Eqgs (77) and (78),
respectively.

4.2.2 Investigation of exact solution for concentration profile

Implement the LT into Eq. (72), and on solving we get

3%®(,q) SCqZO

50 ary 26 =0, (79)
where z, = — Y =% and ®({, q) satisfies the prescribed
conditions
®(0,9) = H(@), ®(L,q) = (80)

The implementation of the prescribed boundary conditions Eq.
(80) on solving the above differential equations produce the
solution of concentration as

smh<(1 O S;i(})fl) (81)
+

o [Sezoa )
h el %ol e 4
qsin ( e >

= gH(@)P1({,q) + P,(3, ).

@((,q) = qH(q)

smh({ S;i(]’/q)

qsinh< %)
Employ the inverse LT on @, (¢, q)
®,(¢,q) = (®2)

k

Ym0 Lke 1@ * Yim=0 !(Elm)! (=)™«

(m+p-1)! t™P
_ 14
L= P e Yt

where Eg = (2n + {)/Sczpand E; = (2n + 2 — {)4/S.2,.
Implementing the inverse LT on @, (T, q)

?,(0,q) = (83)
. [2n+1+4C . [2n+1-C
ZSC 51n< \/1TTI x>—51n< = x> - 0,2
Yn=0 T f X (Sotx?) et-n" dx.
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Taking inverse LT in Eq. (81), we will get the expression of
Q)

D((,t) =

where @, (¢, t) and ®,({,t) are expressed in Egs (82) and
(83), respectively.

Ji R (6 = D@18, D dT + D54, ), (84)

4.2.3 Investigation of exact solution for velocity profile

Applying the LT in Eq. (70), using the LT formula for CF
derivative and bearing in mind the corresponding initial condition,
we get

qzity \ 9*w(@q9) _ (4zo 2 _ (85)
((1+/1_1)(q+y)) 64'2_ (q+y et )w(( Q) =
_Grﬁ((' CI) = _GCCD(Z; Q);
%w (g, — Gy
D 0B 9) =20 -G, )
_ L _ _ qzity _
where  z, = = 14+ Azy, Ay = (7(14,,11)(“@)'/\1 =
(;’:’/ +-+ HZ) and A, = A—.
The boundary conditions after embedding the LT are
w=(0,9) =F(q),w=(1q) =0. (87)

After inserting Eq. (75) into Eq. (86), the solution for Eq. (81)
is obtained as

B¢, 0) = 5 sinh (1 - OVA,)

+ o = T (46(q)sinh (1 — /A7) —
smh((\/_z)) _

Gr . )
qu(m—Az) smh\/ﬁ (qG(q) sinh ((1

q+y
0 Pff) soh (¢ [222) ) + &)
e (@ sinh (A= OV ) -

qhg ( c oq_A2

smh((\/_z)) -
G (qH(q) sinh <(1 -

Sczoq_ ; Sczoq

qAO( aty Ay sth

Z) Sczoq — sinh (C SCZOQ)
q+y q+y

For suitable presentation of velocity equation, we rewrite Eq.
(88) into the following simplified form

5((' Q) = wq ((' Q) + wW> ((' Q) — W3 (f' Q) + (89)
(‘)4((' Q) - 0)5((, Q),
where
_ Fl |
wi(¢,q) = msmh ((1 - f)\/A_z) (90)
= F(q)L(, ).

Employing the inverse LT on L({, q), we arrived at
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LE0 = it T o1
/11)2 Zm 0 !(E ) (Z3)2 (Z4-)m

(Mm4p-D!  _(myp) t—(p+1)

p_= 7 m+p 14

X Eo(~1)7 Ty e (g 0 7

Where b—_‘l'I'Ié,ZO:L 21—1+AZO,22—Zo+b

-n
Z3 = E_I:Zz; =y —23),E, = (2n+{)and
g, =02n+2-20).
Implementing the inverse LT of Eq. (90) while bearing in mind
Eq. (91), we obtain

w1 (¢, 8) = (&) * L((, 0). (92)
The expression of w, (T, q) is

_ T ; 93

w,({,q) = . O(P;zoq GA )Smh\/_(qG(q) sinh ((1 - (%)

Oy/Az) — sinh({\/A7)),

and in the simplest form

w20, q) = 6,1+ AL (96 (@R, (. q) — (94)
Sl((: Q))
where
1 95
L q) = (Przoa(qz1+¥)—(qzz+by) (q+yY)(1+11)) (©3)
And its inverse LT is
w gy f gtz 9
Il((r t) = _Zn:O Zk:o 0h61+1 k!(:—k)! tFn(k—Zn) , ( )
Where fo = (PT'Z()Zl - Zz(l + /11)), go = (P‘I"Z()y -
z,(1+24) —by(1 + Al))! hy = byz(l + 1)
_ (a+n)?sinh((1-9) VA7) (97)
Rl((' CI) - qsinh\/A_z )
(q+y)? sinh(¢,/A
51(¢,q) = L2 IEIN:) (98)

Inverse LT in Egs (97) and (98) is transformed into

R.(, q)_
Zp- °ﬂ<2 ﬁ)'Zn o Xk= ow(l_l_

/11)2 Xim=0 !(_ ) (23)2 M(z)™ X (99)
o) (m-iz- D' _(m t+—(B+p)

Yp=o(— )p—,(r: 4 (m+p+£-2) (7, )pm,

5., Q)_ o

Zﬂ OB(Z ﬁ)'zn OZk 0%(14‘

B Doy ()" (100)

t—(B+Dp)

(m+p-1)! _
p IMTP~ L) —(m+p+p-2) p_t
Z5eo(-1) y @ g

pl(m-1)!
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1
E, Z]_=1+/’{Zo, ZZZZO+
b:Z3 = 2—2,Z4 = )/(b _23)154 = (Zn + {) and

1
Ec=(Qn+2-0,8=02n+1-¢) and E,=(2n+
1+0).

The w, (¢, t) is expressed as
wy({,t) = G (1 + AL, t) * (g'(t) *Ry(,t) — (101)
S-1(@0)

where we get the values of I;({, t), R;({,t) and S; (¢, t) from
Eqs (96), (99) and (100), respectively.
Consider now,

w3(¢,q) = (102)
Gr (qG(q) sinh <(1 -

Pyrz Pyz
qAO( L Oq—A2)51 h ; (;,q

Przoq Przoq
9 a+y ) sinh (Z q+y ))
And the abridged form

w3(8,q) = G, (1 + DL E (a6 (@1 (G, )~ (103)
() (Z' Q))

Taking the inverse LT in Eq. (103)
w3(4,8) = G- (L + )L (G0 * (g'(6) * @1 (¢, 1) — (104)
() (Z' t));

where I, (¢, t), is obtained in Eq. (96), and ¢, ({, t), ¢, (¢, t) are
obtained as below

where b=%+H,§, Zy =

P1 (Z' q) = - .
2§=oaaéggzz;ozz;oﬁ:aai;:azg

(m+p 1)! _(B+ 2) t—(l?ﬂ?)
pr_"F 7 p— p_ -
Lp=o =P oY (@) e

where E, = 2n+ {)\/B-z, and E5 = 2n+ 2 — )./ B-2,,

and

(pl(z'q)= . .
E%=oazﬂggzz;ozkzoﬁ:aﬂigzzag
Lm=0 1(5_ ) =nm

(m+p-1)! —(B+p-2) t—(B+p)
p=TF 7 P— P
X Zpmo (1P i ¥ @

where Eg = 2n + 1 — {)/B-zp andZg = (2 + 1 + 7)/P,z,.

Here,

we($,q) =
Ge

aho(*gi31-1z)sinh Az (aH @ sinh (1= OVA) = 10
sinh(Z\/A, )),
which can be written in abridged form as

ws(¢,q) = G- (1 + /11)]1(('(1)((10(‘1)}?1(('(1) - (108)
51((,(])),

(106)
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where

]1((! q) =

And its inverse LT

g g g ot
n=0 &4k=0"pmF1l " Ji(n_k)! Ty(k-2zn) ’

(S ZoY —

1 (109)

(Scz0q(qz1+y)—(qz2+by)(q+y)(1+11))

]1((1 t) =

where for = (SCZOZ1 z,(1+ /11)) Jo1 =
z,(1+24) —by(1 + 11)) hoy = by*(1 + Ay),
The w,4 (T, t) is expressed as

0, (§, ) = G.(1 + 211G, ) * (W' () * Ry (3, 1) = (111)
52((' t));
where we get the values of J,(¢,t), R, ({,t), S;(¢,t) from

Egs(110), (99) and (100), respectively.
The expression for ws (T, q) is stated below as

w,(§,q) = (112)
G .
< qH(q) sinh ((1 -

qho (S;ioq—A )smh S;igﬂ(

Sczoq ScZoq
() q+y ) sinh (Z q+y ))
For simplification,

ws(¢,t) = G.(1 + 2)/1({, ) (qH(@¥, (. q) —
lpl({! q))x

and its inverse LT will take the form

@, t) = G.(1+ 1)1 ()
(W@ =, () -G, 1),  (114)

(113)

where

(0 q) = . .

2 2! o e ((_E )¢—(-E3) )

Zﬁzomzrl:O Lo
k

(m+p-1)!  _ t‘(ﬁ‘*’l’)
_1\p (B+p-2) [ —
X Xp=o(=1) pim—11 ¥ (z1) r(-(B+p)+1)’

1/)2 (Z' CI) =

2 2! P o ((“E10)*-(-E10%)
Yh=0 510y 2n=0 D=0
k

X T ey G (116

t—(B+Dp)
r(-(B+p)+1)’

where Eg = 2n + {)/S.zpand E;; = (2+ 1+ 0),/S.2,.
Introducing the expression of w, (¢, t), w,({,t), ws({,t),

w4({, 1), ws(g, t) from Egs (92), (101), (104), (111) and (114),

respectively, into Eq. (89), the velocity solution is attained as

w({,t) = w1({,t) + w,({,t) —w3(¢,t) + (117)
w4 ({, 1) — ws({,1).

(m+p-1)! _
p (B+p-2) P
X Tpeo(~1P TPy (@)
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5. LIMITING CASES OF MOMENTUM EQUATION

5.1. Velocity solution for second grade fluid
5.1.1 Caputo sense

Incorporating A, — 0, the velocity solution expressed in Eq.
(40) transforms into the second-grade fluid solution

8, 4) = o sinh (1= V) +
Gr

q00(Pra"~0z)sinh [V, (qG(Q)Smh(l — V) -
sinh({\/Q_Z)) _

Gy _
qYo(Prq™—Q3)sinh/Prq™ (qG(q)smh(1 -
OVEG™) - sinh(¢yFq7)) + 19

Ge

qQo(Scq™—Qp)sinh\[V; (qH(Q)Sinh(l - ()\/Q_z) -
sinh(¢/0;)) -

Ge

qQ0(Scq™—Qz)sinh,/Scq™ (qH(q) sinh(1 —
0)y/Sca™ — sinh(¢\/Scq™)).

where Qy =1+ Aq™, Q, = 2—1
0

By taking G, = 0in Eq. (118), the solution obtained is similar
to the limiting solution attained by Asgir et al. [40]. Forn — 1, and
resuming G. = 0, we will get the limiting result obtained by Aleem
etal. [39].

5.2. Caputo Fabrizio sense

By taking A, — 0, the velocity solutions in Eq. (88) present
the result of second-grade fluid

8(¢,9) = 5 =sinh (1 = 0)/e2)

G .
+qg ( el )sinh@(qG(Q) sinh ((1 _

OVez) - SIHh(CJ_z))

G
L qG(q) sinh <(1 -
QQO(P;i(;,q Qz) sinh P;igﬂ(
Przoq Przoq
PN e ) sinh (¢ 222 )) (119)

Gc

+qg ( czoq —-A )smh\/_
C)\/E) - smh((\/_z)) —
Ge (qH(q) sinh <(1 —

qgo(sgi‘;’q—Az sinh\/scz—oq
ScZoq Sczoq
sinh
) W) (= ))

L _ _ qazity —
=1 + 12y, Qo = ((1+/11)(q+/1))'A1
(‘IZO +i4 HZ) 0, = & For n - 1, the results recovered

q+A @o

are of ordlnary second-grade fluid. Further taking G, = 0, the
results attained are similar to the limiting result of velocity [39].

(qH(q) sinh ((1 —

where z, =
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5.3. Velocity solution for viscous fluid

5.3.1 Caputo sense

By introducing A — 1,A; — 0, and absence of porosity
reduces the velocity solution of Jeffrey fluid into viscous fluid
solution, which is stated as below

@, q) = ﬁsmh (4 -0a, +HZ)+

Gr

q(Pan_(Qn"'Hé)) sinh \/qn+Hé (qG(q) sinh ((1 -
()W) - smh({m))
q(Pan (qn"‘Ha)) sinh /[Prq™ (QH(Q) sinh ((1 —

Om) —smh((ﬁ)) (120)

q(scqn_(qnﬂ,:))smh anma (qG(q) sinh ((1 _

Ot + 1) = sinh(24, ¥ 7)) -
q(scqn—(qnwa))smh B (qH(q) sinh (1 -

OVEa") - sinh(¢/Pq™)).
Further taking G. = 0, the results attained are similiar to the
limiting result of velocity [40]. Forn — 1, and Gc = 0, we will

attain the results for ordinary viscous fluid obtained by Aleem et
al. [39].

5.3.2 Caputo Fabrizio sense

By introducing A — 0,A; — 0, in Eq. (88) and the absence
of porosity presents the velocity solution of viscous fluid as below

w(¢,q) =

@ ___inh ((1 - () o, S+ H2> +

sinh qzo 20, h2
+y

Gr (qG(q) sinh <(1 —

q(”;qu (L28.+13) ) sinn [ZLrng
qzZo I 4z 2 _
{) +H > sinh ({ ’q+y+Ha))

Gr ' )
q(PJiiq (&8+z) ) sinn @(q“q) sinh (1
OW) —Sinh((W)) +
: (qG(q) sinh <(1 -

q(s;i(;,q (%+H ))smh —y+Ha
qzo I 4qz0 2 _
{) +H > sinh ({ ’q+y+Ha))

e qH(q) sinh ((1 —

Sczoq_(4qzo i Sczoq (
q( a+y (q+y+H )) sinh a+y
Z) sczoq Slnh (Z SCZOq)

aty a+y

where z, =ﬁ. For n — 1, we will attain the results for

(121)

ordinary viscous fluid obtained by Aleem et al. [39].
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6. GRAPHS AND DISCUSSION

The heat and mass transference study of MHD free
convective flow of Jeffrey fluid bounded amidst two vertical plates
via time-fractional C and CF is elaborated here. The flow
phenomenon of the fluid happens owing to the moment of one
plate while the other is kept constant. The dimensionless system
of equations representing the fluid flow phenomenon is solved by
the integral LT. The obtained results are presented in a series
form. The graphical illustration is used to present the behaviour of
embedded physical variables such as relaxation time, thermal
Grashof number, permeability parameter, mass Grashof number,
Schmidt number, Jeffrey fluid parameter Prandil number and
memory parameter on the temperature, concentration and velocity

profile where the F(q) = é,G(q) = q—12,H(q) = q_12 . Fig 2.
manifests the temperature profile’s fractional parameter control.
As 1 increases, the boundary layer thickens, causing the
temperature to rise. The boundary layer thickness elevates the
heat of the particles. The finding for n — 1 is easily validated
because it is already existing in the literature [39]. The
concentration curves rise as well due to the same reason as
shown in Fig. 5. The dominance of the mass diffusivity in fluid flow
outcome is a reduction of the thermal boundary layer. The thermal
boundary layer reduces, resulting in a decline in temperature.
These are the effects of Pr which are elaborated in Fig. 3.

7=0.3,0.5,0.7,0.9

08k o

0.6

- )
I LIIT][)UI alure

04

Fig. 2. Temperature plot for multiple values n with Pr=5

The thermal boundary layer becomes thick with time, which
results in an upgrade in temperature curves, as plotted in Fig. 4.
We observed the similar impacts of time on the concentration
profile graphed in Fig. 7. The govern of Sc on the concentration
curves is depicted in Fig. 6. It is observed that the concentration
descends with the rise in Sc values. Physically, this is true,
because the Schmidt number increases and the concentration
curves move towards the boundary, indicating the larger surface
mass transfer.

The effect of the memory parameter 1 on fluid flow is depicted
in Fig. 8. It is obvious that as n increases, so does the fluid
velocity. The reason for this is that as n increases, so does the
thickness of the boundary layer, resulting in velocity acceleration.
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Fig. 3. Temperature plot for multiple values of Pr with n = 0.3

t=0.2,04.0.6,0.8
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Fig. 4. Temperature plot for multiple values of t with Pr=12and n=0.3

1 T T T
17 =03,0.5,0.7.0.9
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Fig. 5. Concentration plot for multiple values n with Sc = 5.0
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Fig. 7. Concentration plot for multiple values of t with Sc = 5.0
andn=0.3

4 T T T

7 =03,050.7.09

Velocity

Fig. 8. Velocity plot for multiple values n with Gr = 5,Gc =8,k = 0.2,
Sc=05Ha=03,A=09,M=16Pr=7

The Prandtl number variation influence on the fluid flow is
graphed in Fig. 9. From the figure, it is noted that higher Pr values

acta mechanica et automatica, vol.17 no.4 (2023)

reduce the velocity field. The thickness of the boundary layer was
reduced with enhancement in the Prandtl number.

To elaborate on the effects of Gr, Fig. 10 is plotted. We
observed that the fluid accelerates with the higher velocity with an
ascent of thermal Grashof number Gr. Physically, increasing the
value of Gr increases the buoyancy forces, which reduces the
thickness of the momentum boundary layer and increases the
velocity.

4 T T T T

P, =510,15,20

()

Velocity

-1

Fig. 9. Velocity plot for multiple values of P, Gr=5,Gc =8,k = 0.2,
Sc=0.5Ha=0.3A=09,M=16,n=0.3

G,=5,10,15,20

Velocity

-1

Fig. 10. Velocity plot for multiple values of Gr with Gc = 8,k = 0.2,
Sc=0.5Ha=03A=09,AM=16,Pr=7n=0.3

The velocity curves under the effect of mass Grashof number
Gc can be observed in Fig. 11. It is observed that there is a rise in
velocity curves with the ascent of mass Grashof number. This is
true because the concentration gradient increases the buoyancy
forces, and therefore velocity accelerates.

Fig.12 elucidates the impacts of the porosity on the fluid flow.
An increment in the estimation of the porosity parameter
diminishes the fluid flow speed. Resistive forces bring about a
decline in the speed of fluid flow. Fig 13. portrays the impacts of
Sc on the fluid flow. Adding up the value of the Sc results in
descending velocity curves. The point to be observed is that
higher values of the Schmidt number results in more viscosity in
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fluid, causing a fall in the mass diffusion rate, and hence
accordingly the fluid velocity diminishes.

Velocity

-1 02 0.4

Fig. 11. Velocity plot for multiple values of Gc, with G, = 5,
k=0.2,Sc=0.5Ha=03A=09A =1.6,P. =7,1=0.3

Velocity

- 1 L L 1
02 04 0.6 08 1

Yy

Fig. 12. Velocity plot for multiple values of K with with Gr = 5,Gc = 8,
Sc=05Ha=03A=09\M=16Pr=7n=03
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Fig. 13. Velocity plot for multiple values of S, with G, = 5,G, = 8,
k=02H, =03,A=09,A =16,P.=7,1 =03
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Fig. 14. Velocity plot for multiple values of Ha with Gr = 5,Gc = 8,

k=02Sc=05A=09AM=16Pr=7n=03

]

24=041.01620

Fig. 15. Ve

locity plot for multiple values of A with G. = 5,G., = 8,

k=0.2,S.0.5H, = 0.3, = 1.6,P. = 7,n = 0.3

Velocity

Fig. 16. Velocity plot for multiple values of A; with G, = 5,G. =8,

k=0.2,S. = 0.5,H, = 03,A=0.9,P, = 7,n = 0.3
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Fig. 17. Velocity plot for multiple values of t with G, = 5,G. = 8,k =
0.2,S. = 0.5,H, = 03,A=09,A, = 1.6,P, = 7,1 = 0.3

"
2| T T T T

y=0.2,0.4,0.6,0.8

Velocity

Fig. 18. Velocity plot for multiple values of y with G, = 5,G. = 8,k =
0.2,Sc=0.5H,=03,A =16P.=71n=03
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Fig. 19. Velocity plot for limiting cases

The Hartman number impacts on the velocity of the fluid, as
portrayed in Fig. 14. It has been observed that an ascent in the
Hartman number reduces the fluid flow. This conduct is

acta mechanica et automatica, vol.17 no.4 (2023)

undeniable as transverse magnetic fields resist the flow of fluid
and hence result in depreciation in the velocity field.

The governing of material parameter A on the fluid flow is
elaborated in Fig. 15. It has been observed that with the enormity
of A up, a descent in the velocity curves occurs owing to an
increase in the viscous forces and elasticity of the fluid.

To visualise the impact of the rheology of fluid in the presence
of Jeffrey fluid parameter A1 on the velocity curves, Fig.16 is
graphed. It has been noticed that the fluid velocity boosts up as
we add up the value of A1. From the reasoning point of view,
tangential stress increases, which accelerates the fluid flow.

The velocity curves for the time variation are shown in Fig. 17.
The flow of the fluid accelerates as time passes.

The velocity curves versus time are shown in Fig. 18.

In the comparison between the C and CF models, we noticed
that the CF model has smaller velocity, temperature and
concentration curves as compared with the C model. The limiting
case’s velocity profile is plotted in Fig. 19.

7. FINAL REMARKS

Caputo and Caputo Fabrizio’s time-fractional approach is
used to analyse the Jeffrey fluid on two parallel vertical plates
immersed in a permeable medium. The exact expressions for
temperature, concentration and velocity are obtained using the
LT. The effect of the associated implanted parameters on velocity,
temperature and concentration are detailed here using graphs.
The following are the final remarks:

— Increasing the fractional parameter n increases velocity,
temperature and concentration.

— Temperature curves decay with the rise in Prand time.

— Concentration profile decays with the rise in Scand time.

— The fluid velocity slows as the values of P, A,Ha,K rise.

— The enhancement in fluid flow is observed with the increase in

G, Gc, A and Scvalues.

— The C model has a higher velocity, temperature and
concentration than the CF model.
— The recovered results are of integer order derivative Jeffrey

fluid forn — 1.

— The results obtained for both A — 0, A1— 0 and n — 1 are
for ordinary viscous fluid.
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