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Abstract: The paper deals with a new integral transformation method called Ψ-Elzaki transform (PETM) in order to analyze some  

Ψ-fractional differential equations. The proposed method uses a modification of the Elzaki transform that is well adapted to deal  

with Ψ-fractional operators. To solve the nonlinear Ψ-fractional differential equations, we combine the PETM by an iterative method  

to overcome this nonlinearity. To validate the accuracy and efficiency of this approach, we compare the results of the discussed numerical 
examples with the exact solutions.  
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1. INTRODUCTION 

In the literature, we find a several applications of the fractional 
derivatives such as studying the undernutrition problems in preg-
nant women and predicting their intricacies, and investigating the 
behaviour of neural networks under challenging circumstances by 
modelling of Hindmarsh-Rose neuron (HRN) in the biomedical 
field [1, 2]. We also find the modelling of wind turbine system and 
their chaotic permanent magnet synchronous generator in the 
physical field [3], and describing the chemical reactions and acti-
vation energy by the artificial neural networks (ANN) in the chemi-
cal field [4]. The fractional derivatives can also present models for 
many applications in stochastic analysis [5], and can be used to 

extend the physical results obtained in [6−10]. 
Fractional derivatives and fractional integral operators have 

been well developed in the scientific literature, especially in recent 
years. Much of the results obtained are compatible with the needs 
of physical and biological problems. For example, we find that the 
mathematical models studied in biology which intervene in many 
epidemiological phenomena can lead to fractional systems as in 
[11], which relies on the stochastic perturbation technique to 
simulate the propagation evolution of the Lassa fever. Moreover, 
researchers have never lost sight of the fundamental need to 
ensure better models that describe certain problems more realisti-
cally (see for example [12]). Therefore, new methods and defini-
tions of fractional sums/differences are developed for discrete 
fractional calculus (DFC) [13−15], and new methods and defini-
tions of fractional derivatives are developed to give an even better 
description of some dynamical problems [16] and some chaotic 
systems [17]. Integral inequalities were also studied by Rashid et 
al., which are based on fractional calculus [18]. 

 The classical derivatives of fractional order have been known 

by certain approaches such as Riemann-Liouville, Caputo, GrAn-
wald-Letnikov...etc. Despite the diversity of these notions, re-
searchers have continued to develop some generalized notions 
that place these fractional derivatives into a more general con-
cept. This is perhaps the main purpose of the birth of the Ψ-
fractional derivative. This concept of the fractional derivative with 
respect to another function has existed since 1964 when Érdlyi 
started the discussion in [19] of this generalized derivative. Next, 

Olser in 1970 gave a precise definition of the Ψ-fractional deriva-
tive [20]. Since then, many scholars have developed this notion, 
including examples from Almeida [21, 22], Sousa, and Oliveira 
[23]. But the interest of these notions was not purely mathemati-
cal. Conversely, recent works show more and more the efficiency 

of certain models based on the type of Ψ-fractional differential 
equation. For example, the modeling taking into account the 
relaxation and/or the law of deformation of certain bodies is based 
on this type of generalized fractional equations Yang [24].  Con-
cerning the study of Ψ-fractional differential equation by the inte-
gral transform method, we can cite the works of Jarad and Abdel-

jawad that proposed a Ψ-Laplace transformation to treat the type 
of the equations [25]. Using Elzaki transform Singh et al. in [26] 
has developed the Hilfer-Prabhakar fractional derivative to study 
the free electron laser equation. Motivated by these physical 
applications, we propose in this article to treat some equations 
comprising fractional derivatives respecting another function. 

However, the Ψ-fractional derivative problems are not easy to 
solve. Given their obvious interest, we propose a new technique 

called Ψ-Elzaki transform based on the Elzaki transform (ET) 
developed by Elzaki [27], which can enrich the research work on 
approximate solutions. Furthermore, we will be extending our 
technique to nonlinear problems, proposing a combination of the 
Ψ-Elzaki transform and an iterative procedure to overcome the 
nonlinearity. 
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2. PRELIMINARY 

In this section, we recall certain definitions and results. For 
more details concerning these definitions and the proofs of the 
properties, we can consult for example [3, 21, 28, 29].  

2.1. Definitions  

Let u an integrable function on [δ1, δ1] → ℝ, (α, p) ∈ ℝ ×
ℕ and Ψ ∈  Cp([ δ1, δ1]) such that Ψ′(t) > 0. We have the 
following definitions: 

 We define the right Ψ-Riemann-Liouville fractional integral of 
order 𝛼 > 0  as follow: 

𝛪
𝛿1

+
𝛼,𝛹 𝑢(𝑡) =

1

𝛤(𝛼)
∫ 𝛹′(𝑠)𝑢(𝑠)(𝛹(𝑡) − 𝛹(𝑠))

𝛼−1
𝑑𝑠

𝑡

𝛿1
.       (1) 

 For 𝛼 > 0, 𝑛 − 1 < 𝛼 ≤ 𝑛, the left and right Ψ-Reimann-
Liouville fractional derivative is given as: 

𝐷
𝛿±
𝑛−𝛼,Ψ 𝑢(𝑡) = (

1

Ψ′(𝑡)

𝑑

𝑑𝑡
)

𝑛

I
𝛿±
𝛼,Ψ 𝑢(𝑡). 

 For  𝑛 − 1 < 𝛼 ≤ 𝑛 , the left and right Ψ-Caputo fractional 
derivative of order 𝛼 is defined as: 

𝐶𝐷
𝛿±
𝛼,Ψ 𝑢(𝑡) = I

𝛿±
𝛼,Ψ 𝑢Ψ

[𝑛](𝑡), with  𝑢Ψ
[𝑛](𝑡) = (

1

Ψ′(𝑡)

𝑑

𝑑𝑡
)

𝑛

𝑢(𝑡).   

A more general definition that covers Ψ-Riemann-Liouville 

and Ψ-Caputo fractional derivatives, this is the following fractional 
derivative of Ψ-Hilfer.  

Definition 1 ([30]): Let u be an integrable function defined on 

[δ1, δ2], and Ψ ∈ C1([δ1, δ2], ℝ) be an increasing function 
such that  Ψ′(t) ≠ 0, for all t ∈  [δ1, δ2]. The Ψ-Hilfer fractional 

derivative right-sided of order  μ > 0, n = ⌈ μ ⌉ and of type 
0 ≤ α ≤ 1 is defined by: 

𝐻𝐷
𝛿1

+
𝜇,𝛼,Ψ 

𝑢(𝑡) = I
𝛿1

+
𝛼(𝑛−𝜇),Ψ 

(
1

Ψ′(𝑡)

𝑑

𝑑𝑡
)

𝑛

I
𝛿1

+
(1−𝛼)(𝑛−𝜇),Ψ 

𝑢(𝑡). 

In the rest, we denote Λδ1
+ , Λδ1

− respectively by Λδ1
, 

Λδ2
 where Λ denotes the fractional integral or derivative opera-

tors defined in this paper. For these definitions, we have the fol-
lowing properties.  

2.2. Properties  

If  𝑢(𝑡) = (Ψ(𝑡) − Ψ(𝛿1))
𝜂

 where 𝜂 > 𝑛 and 𝛼 > 0  

then, 

𝐶𝐷𝛿1

𝛼,Ψ 𝑢(𝑡) =
Γ(𝜂+1)

Γ(𝜂−𝛼+1)
(Ψ(𝑡) − Ψ(𝛿1))

𝜂−𝛼
.               (2) 

𝐼𝛿1

𝛼,𝛹 𝑢(𝑡) =
𝛤(𝜂+1)

𝛤(𝜂+𝛼+1)
(𝛹(𝑡) − 𝛹(𝛿1))

𝜂+𝛼
.                           (3) 

𝐶𝐷𝛿1

𝛼,Ψ I𝛿1

𝛼,Ψ 𝑢(𝑡) = 𝑢(𝑡).                                                          (4) 

𝐼𝛿1

𝑛,𝛹 𝑢𝛹
[𝑛](𝑡) = 𝑢(𝑡) − ∑

𝑢𝛹
[𝑛]

(𝛿1)

𝑘!
(𝛹(𝑡) − 𝛹(𝛿1))

𝑘𝑛−1
𝑘=0 .       (5) 

𝐼𝛿1

𝛼,𝛹 𝐶𝐷𝛿1

𝛼,𝛹 𝑢(𝑡) =   

𝑢(𝑡) − ∑
𝑢𝛹

[𝑛]
(𝛿1)

𝑘!
(𝛹(𝑡) − 𝛹(𝛿1))

𝑘𝑛−1
𝑘=0 .                                 (6) 

Proof. For to prove the formula (2), we have 

𝑢𝛹
[𝑛](𝑡) =

𝛤(𝜂+1)

𝛤(𝜂−𝑛+1)
𝑢(𝑡)

𝜂−𝑛

𝜂 .  

Using the definition of the Ψ-Caputo fractional derivative, we 
can write 

𝐶𝐷𝛿1

𝛼,𝛹 𝑢(𝑡) =
𝛤(𝜂+1)

𝛤(𝜂−𝑛+1)
𝐼𝛿1

𝑛−𝛼,𝛹 𝑢(𝑡)
𝜂−𝑛

𝜂 = 

Γ(𝜂+1)

Γ(𝑛−𝛼)Γ(𝜂−𝑛+1)
∫ Ψ′(t)(Ψ(𝑡) − Ψ(𝑠))

𝑛−𝛼−1𝑡

𝛿1
𝑢(𝑠)

𝜂−𝑛

𝜂 𝑑𝑠 =

Ω(𝑡) ∫
𝑢′(𝑠)

𝜂
(

(𝑢(𝑠))
1−𝜂

𝑢(𝑡)
)

1

𝜂

(1 − (
𝑢(𝑠)

𝑢(𝑡)
)

1

𝜂
)

𝑛−𝛼−1

(
𝑢(𝑠)

𝑢(𝑡)
)

𝜂−𝑛

𝜂𝑡

𝛿1
𝑑𝑠,   

where Ω(𝑡) =
Γ(𝜂+1)𝑢(𝑡)

𝜂−𝛼
𝜂

Γ(𝑛−𝛼)Γ(𝜂−𝑛+1)
.  

With the change of variables v(s) = (
u(s)

u(t)
)

1

η
 , we obtain 

𝐶𝐷𝛿1

𝛼,Ψ 𝑢(𝑡)  = Ω(𝑡) ∫ (1 − 𝑣)𝑛−𝛼−11

0
𝑣𝜂−𝑛𝑑𝑣 =

Ω(𝑡)𝐵(𝑛 − 𝛼, 𝜂 − 𝑛 + 1),  

where B is the Beta function that satisfies B(x, y) =
Γ(x)Γ(y)

Γ(x+y)
 

which ends the proof of the formula (2).  
In the formula proof (2), we have already implied the formula 

proof (3) where we have 

Γ(𝜂+1)

Γ(𝜂−𝑛+1)
I𝛿1

𝑛−𝛼,Ψ 𝑢(𝑡)
𝜂−𝑛

𝜂 =
Γ(𝜂+1)

Γ(𝜂−𝛼+1)
𝑢(𝑡)

𝜂−𝛼

𝜂 .  

Then 

𝐼𝛿1

𝑛−𝛼,𝛹 (𝛹(𝑡) − 𝛹(𝛿1))
𝜂−𝛼

= 

𝛤(𝜂 − 𝑛 + 1)

𝛤(𝜂 − 𝛼 + 1)
(𝛹(𝑡) − 𝛹(𝛿1))

𝜂−𝛼
. 

With simple changes of variables for n − α and η − n, we 
complete the formula proof (3). 

Formula (4) is a direct consequence of formulas (2) and (3) 
and, formulas (5) and (6) have been well proven in [29].   

3. NOVEL 𝚿-INTEGRAL TRANSFORM METHOD 

This section discusses a type of method that has been and 
still is useful for solving certain differential equations, namely 
integral transforms. This method is useful because it can turn a 
complicated problem into a simpler one. In addition to their clarity, 
integral transformations have also helped us to develop some 
formulas in fractional calculus. We can cite for example Laplace 
transforms, Sumudu transform, Jafari transform, Elzaki transform, 

etc.  [31−33]. 

3.1. Elzaki transform  

Considering the following Elzaki transform: 

Definition 2  Let a function u with respect to t, let s1, s2 > 0, 

it exists M > 0 such that |u(t)| < M exp (
|t|

sj
), for t ∈ (−1)j ×

 [0, ∞). Elzaki transform is defined by: 
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𝑈(𝑠) = ℰ[𝑢(𝑡)] = ℰ(𝑠) = 𝑠 ∫ 𝑢(𝑡) 𝑒𝑥𝑝 (−
𝑡

𝑠
) 𝑑𝑡

∞

0
,           (7) 

where  s  is a complex number, t > 0 and |s| ∈ [s1, s2]. 
By using the properties of this proposed integral transform, we 

can have an efficient tool to deal with linear fractional equations. 
Moreover, we can reach nonlinear cases by combining ET with 
other techniques. For this, let us recall the following formulas 
dealing with the integral and the classical fractional derivative by 
ET. 

ℰ[𝑅𝐿I0
𝛼 𝑢] = 𝑠𝛼𝑈(𝑠).                                                                (8) 

ℰ[𝑅𝐿𝐷0
𝛼 𝑢] =

𝑈(𝑠)

𝑠𝛼 − ∑ 𝑠2−𝑛+𝑘  𝑅𝐿I0
𝑛−𝑘−𝛼 𝑢(0)𝑛−1

𝑘=0 .             (9) 

ℰ[𝐶𝐷0
𝛼 𝑢] =

𝑈(𝑠)

𝑠𝛼 − ∑ 𝑠2−𝛼+𝑘𝑢[𝑘](0)𝑛−1
𝑘=0 .                           (10) 

3.2. Generalized Elzaki transform  

The aim of this study is to show the relevance of this novel 
transform integral and its efficiency in solving certain Ψ-fractional 
equations. We will consider the novel following definition of gen-
eralized integral transform:  

Definition 3 Let a function u on [0, ∞) with respect to t, and 

Ψ an increasing function such that Ψ(0)  =  0. Let s1, s2 > 0, if 

it exists M > 0 such that |u(t)| < M exp (
|t|

sj
), for t ∈

 (−1)j ×  [0, ∞). Then, the Elzaki transform of u with respect to 
Ψ  is defined by: 

𝑈Ψ(𝑠) = ℰΨ[𝑢(𝑡)](𝑠) = 𝑠 ∫ Ψ′(𝑡)𝑢(𝑡)
∞

0

𝑒𝑥𝑝 (−
Ψ(𝑡)

𝑠
) 𝑑𝑡, 

(11) 
where  s  is a complex number, t > 0 and |s| ∈ [s1, s2]. 

Jarad and Abdeljawad in [25] have defined the Ψ-Laplace 
transform. As we have Duality's ownership between ET and LT, 

we can easily check duality between the Ψ-ELzaki and Ψ-Laplace 
transforms. The duality relation is given by the following relations: 

ℰΨ[𝑢(𝑡)](𝑠) =  𝑠ℒΨ[𝑢(𝑡)] (
1

𝑠
),                                             (12) 

ℒΨ[𝑢(𝑡)](𝑠) =  𝑠ℰΨ[𝑢(𝑡)] (
1

𝑠
).                                             (13) 

Using this duality between the two transformations, we can 

make certain results developed in [25, 34] for the Ψ-Laplace 

transform into Ψ-Elzaki transform. 

3.3. Convergence of PET and properties 

Theorem 1:  Let Ψ an increasing function with Ψ(0) = 0 ∈
ℝ, and u is continuous on [0, +∞[ and a Ψ-exponentially func-

tion bounded order 
1

d
> 0 (i.e. ‖u‖∞ ≤  M exp (

Ψ(t)

d
); with M a 

positive constant). Then, the Ψ-Elzaki transform of u exists for 

s > d. 
Proof:  We have  

|ℰΨ[𝑢(𝑡)]| = |𝑠 ∫ Ψ′(𝑡)𝑢(𝑡)
∞

0
𝑒𝑥𝑝 (−

Ψ(𝑡)

𝑠
) 𝑑𝑡|     

 ≤ 𝑠 ∫ Ψ′(𝑡)
∞

0
𝑒𝑥𝑝 (−

Ψ(𝑡)

𝑠
) ‖𝑢‖∞𝑑𝑡  

 ≤ 𝑠𝑀 ∫ Ψ′(𝑡)
∞

0
𝑒𝑥𝑝 (−

Ψ(𝑡)

𝑠
+

Ψ(𝑡)

𝑑
) 𝑑𝑡.    

Using the fact that s >  d, so the primitive limit is cancels for 
infinity, we get 

|ℰΨ[𝑢(𝑡)]| ≤
𝑠2𝑀𝑑

𝑠 − 𝑑
. 

Then the PET is convergent.    
We can also define the inverse of PET by: 

ℰΨ
−1[𝑈(𝑠)](𝑡) =

1

2𝜋𝑗
∫ 𝑈 (

1

𝑠
)

𝑎+𝑗∞

𝑎−𝑗∞
𝑒𝑥𝑝 (−

Ψ(𝑡)

𝑠
) 𝑠 𝑑𝑡.        (14) 

Remark 1: We get the immediate result: If 

ℰΨ[𝑢(𝑡)](𝑠) = 𝑈(𝑠), then ℰΨ[𝑢(Ψ(𝑡))](𝑠) = 𝑈(𝑠).       (15) 

i.e. we have  𝑈Ψ(𝑠) = 𝑈(𝑠). 

Using Remark. 1 and the duality propriety of ET and LT, and 
the results proved in [25] we can easily get the following proprie-
ties: 

Properties:    

ℰΨ[𝑒𝑥𝑝(λΨ(𝑡))] =
𝑠2

1−λs
.                                                        (16) 

ℰΨ [(Ψ(𝑡))
𝛽

] = Γ(𝛽 + 1)𝑠𝛽+2.                                            (17) 

3.4. PET and 𝚿-Fractional operators 

In this section, we will discuss some results of PET that can 

be useful for solving fractional equations of the type Ψ-Caputo. 
But these results can also be extended to Ψ-Hilfer or Ψ-Riemann-
Liouville Fractional equations type and other equations based on 

Ψ-fractional differential operators. 
Proposition 1: If α ∈ ]n − 1, n], n ∈ ℕ then 

ℰΨ[𝑅𝐿I0
𝛼,Ψ𝑢] = 𝑠𝛼𝑈Ψ(𝑠).                                                       (18) 

ℰΨ[𝑅𝐿𝐷0
𝛼,Ψ 𝑢] =

𝑈Ψ(𝑠)

𝑠𝛼
− ∑ 𝑠2−𝑛+𝑘 𝑅𝐿I0

𝑛−𝑘−𝛼,Ψ𝑢(0)

𝑛−1

𝑘=0

.        

           (19) 

ℰΨ[𝐶𝐷0
𝛼,Ψ 𝑢] =

𝑈Ψ(𝑠)

𝑠𝛼 − ∑ 𝑠2−𝛼+𝑘  𝑅𝐿𝐷0
𝑘,Ψ𝑢(0)𝑛−1

𝑘=0 .        (20) 

ℰΨ[𝐻𝐷0
𝜇,𝛼,Ψ 

𝑢] =
𝑈Ψ(𝑠)

𝑠𝜇 − ∑ 𝑠2−𝑛(1−𝛼)+𝑘 I0
(1−𝛼)(𝑛−𝜇)−𝑘,Ψ

𝑢(0)𝑛−1
𝑘=0 .                (21) 

Proof:  For to prove the formula (18): 
Using the duality between ET and LT, we can write 

ℰΨ[𝑅𝐿I0
𝛼,Ψ𝑢](𝑠) =  𝑠ℒΨ[𝑅𝐿I0

𝛼,Ψ𝑢] (
1

𝑠
). 

With Laplace transform, the Ψ-Riemann-Liouville integral is 
given by 

ℒΨ[𝑅𝐿I0
𝛼,Ψ𝑢](𝑠) = 𝑠−𝛼ℒΨ[𝑢](𝑠). 

Using both previous formulas, we get 

ℰΨ[𝑅𝐿I0
𝛼,Ψ𝑢](𝑠) =  (

1

𝑠
)

−𝛼

𝑠ℒΨ[𝑢] (
1

𝑠
) = 𝑠𝛼𝑈Ψ(𝑠). 

The remainders of the results can be easily demonstrated in 
the same way.    
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3.5. PET and some special functions 

Special functions play an important role in the definitions of 
certain fractional derivatives (such as fractional derivatives involv-
ing the kernel of the Mittag-Leffler function (ML) [24]) or even in 
the resolution of certain fractional differential equations. For this, it 
is useful to present some results concerning these functions. 

Definition 4: We consider the following generalized version of 
the Mittag-Leffler function defined in [24], recognized as the Prab-
hakar function 

𝐸𝛼,𝛽
𝛾 (𝑧) = ∑

𝛾𝑘

𝑘!Γ(𝛼𝑘+𝛽)
𝑧𝑘 ,∞ 

𝑘=0                                                  (22) 

where 𝛾𝑘 =
Γ(𝛾+𝑘)

Γ(𝛾)
; (𝛼, 𝛽, 𝛾, 𝑧) ∈ ℂ4 , with 𝑅𝑒(𝛼) > 0. 

In fractional differences, the authors use the Kernel of the dis-
crete Mittag-Leffler function, see [14, 15] for more details. 

By PET, we have the following results: 

Proposition 2 Assume that Re(α) > 0 and |a sβ| < 1. Ap-

plying the PET, we get for ML function with one parameter  

ℰΨ [𝐸𝛽 (𝑎(Ψ(𝑡))
𝛽

)] =
𝑠2

1−𝑎𝑠𝛽.                                               (23) 

For two parameter ML function we have 

ℰΨ [(Ψ(𝑡))
𝛽−1

𝐸𝛽,𝛽 (𝑎(Ψ(𝑡))
𝛽

)] =
𝑠𝛽+1

1−𝑎𝑠𝛽.                        (24) 

For Prabhakar function, we get 

ℰΨ [(Ψ(𝑡))
𝛼−1

𝐸𝛽,𝛼
𝛾

(𝑎(Ψ(𝑡))
𝛽

)] = ℰ[𝑡𝛼−1𝐸𝛽,𝛼
𝛾

(𝑎𝑡𝛽)]          

                                                              =
𝑠𝛼+1

(1−𝑎𝑠𝛽)
𝛾.                   (25) 

We have  

𝐶𝐷0
𝜂,Ψ 

(Ψ(𝑡))
𝛼−1

𝐸𝛽,𝛼
𝛾

(𝑎(Ψ(𝑡))
𝛽

)                                              

                             = (Ψ(𝑡))
𝛽−𝜂−1

𝐸𝛽,𝛼−𝜂
𝛾

(𝑎(Ψ(𝑡))
𝛽

)        (26) 

The proof of these properties is immediate if Remark.1 is tak-
en into account with the properties of ET developed in the scien-
tific literature. 

4. SOLUTION FOR 𝚿-FRACTIONAL DERIVATIVE 
EQUATIONS 

Although the concept of Ψ-fractional operator has been dis-
cussed for decades, the notion of Ψ-fractional derivative equation 
has only been discussed frequently in recent years. For example, 

the random differential equations via the fractional derivative Ψ-
Hilfer [37], Ψ-fractional differential equations [29], and for model-
ing taking into account the relaxation of certain bodies [24]. Guid-
ed by these motivations, we propose to discuss the solution to the 
following types of equations: 

{
𝐶𝐷𝛿1

𝛼,Ψ 𝑢(𝑡) = 𝑔 (𝑡, 𝑢), 𝑡 ∈ [𝛿1, 𝛿2], 𝑛 = ⌈𝛼⌉,                       

𝑢(𝑘)(𝛿1) = 𝑢𝑘, 𝑢(𝑛−1)(𝛿2) = 𝑢𝑛−1,   𝑘 = 0, 1, ⋯ , 𝑛 − 1.                 
 

(27) 

Applying the PET on the (27), and using (20), we get 

ℰΨ[𝑢] = 𝑠𝛼ℰΨ[𝑔 (𝑡, 𝑢)] + ∑ 𝑠2+𝑘  𝐷0
𝑘,Ψ 𝑢𝑘

𝑛−1
𝑘=0 .                 (28) 

By the inverse of PET, we obtain 

𝑢(𝑡) = ℰΨ
−1{𝑠𝛼ℰ[𝑔 (𝑡, 𝑢)]} + ∑

(Ψ(𝑡)−Ψ(0))
𝑘

𝑘!
𝐷0

𝑘,Ψ 𝑢𝑘
𝑛−1
𝑘=0 .  

(29) 

To overcome the nonlinear term of this equation, one can use 
a direct iterative method or the one described for example by [33]. 

Assume that have the following equation: 

𝑢 = 𝑁(𝑢) + 𝑓,                                                                           (30) 

with N a non linear operator, and f a given function. We can solv-
ing (30) by the following iterative method 

{
𝑢0 = 𝑓,               

𝑢𝑝+1 = 𝒩(𝑢𝑝).
                                                                      (31) 

With 𝒩 is approximate of N. Then, the solution is  

u = ∑ uk
∞
k=0 . 

In the situation of problem (27), we can pose 

𝑢0 = ∑
𝑡𝑘

𝑘!
𝐷0

𝑘,Ψ 𝑢(0)𝑛−1
𝑘=0 .                                                         (32) 

𝑁(𝑢) = ℰΨ
−1{𝑠𝛼ℰ[𝑔 (𝑡, 𝑢)]}.                                                   (33) 

Remark 2 If N is linear the iterative procedure in (31) is as fol-
lows:    up+1 = N(up). 

5. NUMERICAL EXAMPLES 

Based on the Ψ-Elzaki transformation, we present some nu-
merical examples to discuss the efficiency of the proposed meth-
od. The main objective is to compare the results obtained with the 
exact solution in each of the considered examples. 

Example 1: We begin with an illustrative example that seeks 
the eigenfunction of the Ψ-Caputo fractional derivative operator. 
This is a relaxation model based on a fractional derivative with 
respect to another function. The model is given by: 

{
𝐶𝐷0

𝛼,Ψ 𝑢(𝑡) = 𝜆𝑢(𝑡), 𝑓𝑜𝑟  𝑡 ∈ [0, 𝑇], 𝑇 > 0, 𝛼 ∈ ]0, 1],

𝑢(0) = 1.                                                                                         
  

(34) 

By the formula  (26), we can find the exact solution to the 
problem  

u(t) = Eα(λ(Ψ(t) − Ψ(s))α). 

Applying the PET to the problem (34), we obtain 

u(t) = ℰΨ
−1{sαℰ[λu]} + u(0). 

In this case, the iterative procedure reduces to the following 
system 

𝑢0 = 1,                             

𝑢𝑝+1 = 𝜆ℰΨ
−1{𝑠𝛼ℰ[𝑢𝑝]}.

 

Then, 

𝑢1 = 𝜆ℰΨ
−1{𝑠𝛼ℰ[𝑢0]} = 𝜆ℰΨ

−1{𝑠𝛼+2} = 𝜆
(Ψ(𝑡)−Ψ(0))

𝛼

Γ(𝛼+1)
,  

𝑢2 = 𝜆ℰΨ
−1{𝑠𝛼ℰ[𝑢1]} =

𝜆2

Γ(𝛼+1)
ℰΨ

−1{𝑠2𝛼+2Γ(𝛼 + 1)}  =
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𝜆2 (Ψ(𝑡)−Ψ(0))
2𝛼

Γ(2𝛼+1)
,  and so on. 

We can write 

𝑢𝑝 = 𝜆𝑝
(Ψ(𝑡) − Ψ(0))

𝑝𝛼

Γ(𝑝𝛼 + 1)
. 

The solution is given by 

𝑢 = ∑ 𝜆𝑝 (Ψ(𝑡)−Ψ(0))
𝑝𝛼

Γ(𝑝𝛼+1)
∞
𝑘=0 = 𝐸𝛼(𝜆(Ψ(𝑡) − Ψ(0))

𝛼
).  

Example 2: We choose an inhomogeneous relaxation model 
based on the Ψ-fractional derivative. This model has been solved 
numerically in [38] having only the Caputo fractional derivative. 

{
𝐶𝐷0

𝛼,Ψ 𝑢(𝑡) + 𝑢(𝑡) =
(Ψ(𝑡)−Ψ(0))

4−𝛼

Γ(5−𝛼)
, 𝑡 ≥ 0, 𝛼 ∈ ]0, 1].  

𝑢(0) = 0.                                                                                                     
  

(35) 
Applying (29), we obtain  

𝑢(𝑡) = −ℰΨ
−1{𝑠𝛼ℰ[𝑢]} + ℰΨ

−1 {𝑠𝛼ℰ [
(Ψ(𝑡)−Ψ(0))

4−𝛼

Γ(5−𝛼)
]}.  

Then 

{
𝑢0 = ℰΨ

−1 {𝑠𝛼ℰ [
(Ψ(𝑡)−Ψ(0))

4−𝛼

Γ(5−𝛼)
]} ,

𝑢𝑝+1 = −ℰΨ
−1{𝑠𝛼ℰ[𝑢𝑝]},    𝑝 ≥ 0.      

  

Putting 

𝑢0 = ℰΨ
−1 {𝑠𝛼ℰ [

(Ψ(𝑡)−Ψ(0))
4−𝛼

Γ(5−𝛼)
]} =

(Ψ(𝑡)−Ψ(0))
4

Γ(5)
.          

𝑢1 = −ℰΨ
−1 {𝑠𝛼ℰ [

(Ψ(𝑡)−Ψ(0))
4

Γ(5)
]} = −

(Ψ(𝑡)−Ψ(0))
𝛼+4

Γ(𝛼+5)
.        

𝑢2 = −ℰΨ
−1 {𝑠𝛼ℰ [−

(Ψ(𝑡)−Ψ(0))
𝛼+4

Γ(𝛼+5)
]} =

(Ψ(𝑡)−Ψ(0))
2𝛼+4

Γ(2𝛼+5)
  

𝑢3 = −
(Ψ(𝑡)−Ψ(0))

3𝛼+4

Γ(3𝛼+5)
.  

Then 

𝑢(𝑡) = (Ψ(𝑡) − Ψ(0))
4

{
1

Γ(5)
−

(Ψ(𝑡)−Ψ(0))
𝛼

Γ(𝛼+5)
+

(Ψ(𝑡)−Ψ(0))
2𝛼

Γ(2𝛼+5)
−

(Ψ(𝑡)−Ψ(0))
3𝛼

Γ(3𝛼+5)
+ ⋯ }  

= (Ψ(𝑡) − Ψ(0))
4

𝐸𝛼,5[−(Ψ(𝑡) − Ψ(0))
𝛼

].                         

For the first performance test we set α = 0.2 and Ψ = t2. 
This involves comparing the exact solution with a numerical solu-

tion estimated after 3 iterations of PET method. We notice in Fig.1 
that the numerical solution is almost identical to the exact solution. 

Fig.2 shows the variation of the solution according to the val-

ues of the fractional derivative α. Knowing that in this case, we 

took Ψ = t2. 

The main objective of defining Ψ-fractional operators is to ob-
tain a generalized notion that gathers some fractional derivatives 
in a single definition. In Fig.3, we present the solutions according 
to different values of the functions Ψ. 

 

 
Fig. 1. Comparison of the exact solution and the numerical solution after 

 3 iterations of PET method 

 

Fig. 2. Solutions for different values of α and for Ψ(t) = t2 

 
Fig. 2. Solutions for different values of Ψ 
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Example 3: Considering the following inhomogeneous Ψ-
fractional derivative equation: 

{
𝐶𝐷0

𝛼,Ψ 𝑢(𝑡) − 𝜆𝑢(𝑡) = 𝐶, 𝑡 ≥ 0, 𝑎𝑛𝑑 0 < 𝛼 ≤ 1.

𝑢(0) = 0.                                                                                 
           (36) 

 Applying (29), we obtain 

𝑢(𝑡) = 𝜆ℰΨ
−1{𝑠𝛼ℰ[𝑢]} + 𝐶ℰΨ

−1{𝑠𝛼+2}. 

Then 

{
𝑢0 = 𝐶ℰΨ

−1{𝑠𝛼+2} = 𝐶
(Ψ(𝑡)−Ψ(0))

𝛼

Γ(𝛼+1)
,

𝑢𝑝+1 = 𝜆ℰΨ
−1{𝑠𝛼ℰ[𝑢𝑝]},    𝑝 ≥ 0.             

  

Then 

𝑢1 = 𝜆ℰΨ
−1{𝑠𝛼ℰ[𝑢0]} = 𝜆𝐶ℰΨ

−1 {𝑠𝛼ℰ [
(Ψ(𝑡)−Ψ(0))

𝛼

Γ(𝛼+1)
]}    

= 𝜆𝐶
(Ψ(𝑡)−Ψ(0))

2𝛼

Γ(2𝛼+1)
.    

𝑢2 = 𝜆ℰΨ
−1{𝑠𝛼ℰ[𝑢1]} = 𝜆2𝐶

(Ψ(𝑡) − Ψ(0))
3𝛼

Γ(3𝛼 + 1)
. 

And 

𝑢3 = 𝜆3𝐶
(Ψ(𝑡) − Ψ(0))

4𝛼

Γ(4𝛼 + 1)
. 

Then 

𝑢(𝑡) =
𝐶

𝜆
{𝜆

(Ψ(𝑡) − Ψ(0))
𝛼

Γ(𝛼 + 1)
+ 𝜆2𝐶

(Ψ(𝑡) − Ψ(0))
2𝛼

Γ(2𝛼 + 1)

+ 𝜆3𝐶
(Ψ(𝑡) − Ψ(0))

3𝛼

Γ(3𝛼 + 1)
+ ⋯ }, 

=
𝐶

𝜆
(𝐸𝛼(𝜆(Ψ(𝑡) − Ψ(0))

𝛼
) − 1).                 

Example 4: With Ψ-Caputo fractional derivative, we consider 
the non-linear fractional boundary value problem 

{
𝐶𝐷0

𝛼,Ψ 𝑢(𝑡) + 𝑢2(𝑡) = 1, 𝑡 ≥ 0  𝑎𝑛𝑑  0 < 𝛼 ≤ 1.

𝑢(0) = 0.                                                                                        
 

                                                                                              (37) 

Applying (29), we obtain 

𝑢(𝑡) = −ℰΨ
−1{𝑠𝛼ℰ[𝑢2]} + ℰΨ

−1{𝑠𝛼+2} 

 = −ℰΨ
−1{𝑠𝛼ℰ[𝑢2]} +

(Ψ(𝑡)−Ψ(0))
𝛼

Γ(𝛼+1)
.   

Using for this example the Adomian decomposition method 

{
𝑢0 =

(Ψ(𝑡) − Ψ(0))
𝛼

Γ(𝛼 + 1)
,                                   

𝑢𝑝+1 = −ℰΨ
−1{𝑠𝛼ℰ[𝐴𝑝]},    𝑝 ≥ 0.              

 

With Ap is p-th order of Adomian polynomial of the term u2. 

Putting 

𝑢0 =
(Ψ(𝑡) − Ψ(0))

𝛼

Γ(𝛼 + 1)
.                                                                 

𝑢1 = −ℰΨ
−1{𝑠𝛼ℰ[𝐴0]} = −ℰΨ

−1 {𝑠𝛼ℰ [
(Ψ(𝑡)−Ψ(0))

2𝛼

Γ2(𝛼+1)
]}   

= −
Γ(2𝛼+1)

Γ2(𝛼+1)
ℰΨ

−1{𝑠3𝛼+2}                                             

= −
Γ(2𝛼+1)

Γ2(𝛼+1)Γ(3𝛼+1)
(Ψ(𝑡) − Ψ(0))

3𝛼
.                 

𝑢2 = −ℰΨ
−1{𝑠𝛼ℰ[𝐴1]} = −ℰΨ

−1{𝑠𝛼ℰ[2𝑢0𝑢1]}                            

=
2Γ(2𝛼+1)Γ(4𝛼+1)

Γ3(𝛼+1)Γ(3𝛼+1)Γ(5𝛼+1)
(Ψ(𝑡) − Ψ(0))

5𝛼
.  

And 

𝑢3 = −ℰΨ
−1{𝑠𝛼ℰ[𝐴2]} = −ℰΨ

−1{𝑠𝛼ℰ[𝑢0𝑢2 + 𝑢1
2]}                            

= −
4Γ(2𝛼+1)Γ(4𝛼+1)Γ(6𝛼+1)

Γ4(𝛼+1)Γ(3𝛼+1)Γ(5𝛼+1)Γ(7𝛼+1)
(Ψ(𝑡) − Ψ(0))

7𝛼
  

−
Γ2(2𝛼+1)Γ(6𝛼+1)

Γ4(𝛼+1)Γ2(3𝛼+1)Γ(7𝛼+1)
(Ψ(𝑡) − Ψ(0))

7𝛼
.        

Note that at 𝛼 = 1 the solution of (37) is given by 

𝑢(𝑡) = (Ψ(𝑡) − Ψ(0)) −
(Ψ(𝑡) − Ψ(0))

3

3
+

2(Ψ(𝑡) − Ψ(0))
5

15
 

                                                                −
17(Ψ(𝑡)−Ψ(0))

7

315
+ ⋯ =

tanh(Ψ(𝑡) − Ψ(0)) .                                                        

6. CONCLUSIONS 

This paper discusses and develops a generalized integral 
transform PET to find exact or approximate solutions to the linear 
or nonlinear Ψ-fractional differential equations. Contemplating the 
preliminary, several existing details of fractional calculus can be 
identified in the literature. The Ψ-fractional differential equations 
thus proposed in numerical tests were processed by the PETM 
combined with an iterative method, and this combination was very 
suitable for dealing with the fractional derivative involving a func-

tion Ψ. We conclude the effectiveness and success of this method 

for solving certain type of linear or nonlinear Ψ-fractional differen-
tial equations. Therefore, the proposed method in this paper and 
its numerical results can stimulates to work for applying on other 
operators fractional calculus. 
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